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Abstract Let if be a regular, strongly local Dirichlet form on L 2 (X, m) and d the 
associated intrinsic distance. Assume that the topology induced by d coincides with 
the original topology on X, and that X is compact, satisfies a doubling property and 
supports a weak (1, 2)-Poincare inequality. We first discuss the (non-) coincidence of the 
intrinsic length structure and the gradient structure. Under the further assumption that 
the Ricci curvature of X is bounded from below in the sense of Lott-Sturm-Villani, the 
following are shown to be equivalent: 

(i) the heat flow of £ gives the unique gradient flow of ^oo, 

(ii) S satisfies the Newtonian property, 

(iii) the intrinsic length structure coincides with the gradient structure. 

Moreover, for the standard (resistance) Dirichlet form on the Sierpinski gasket equipped 
with the Kusuoka measure, we identify the intrinsic length structure with the measurable 
Riemannian and the gradient structures. We also apply the above results to the (coarse) 
Ricci curvatures and asymptotics of the gradient of the heat kernel. 



1 Introduction 

It is well known that on M. n , associated to the Dirichlet energy 

|V/(x)| 2 dx, 



there is a naturally defined heat semigroup (flow). Jordan, Kinderlehrer and Otto [17] and 
Otto [36] understood this heat flow as a gradient flow of the Boltzman-Shannon entropy 
with respect to the L 2 -Wasserstein metric on the space of probability measures on W 1 . 
Since then this has been extended to Riemannian manifolds, Finsler manifolds, Heisenberg 
groups, Alexandrov spaces and metric measure spaces; see, for example, [36, 1, 53, 9, 18, 
34, 13, 2]. The gradient flow has also attracted considerable attention in various settings, 
see, for example, [1, 13, 53, 12] and the reference therein. In particular, the works [1, 12, 13] 
in abstract setting motivate one to extend the above phenomenon of [17] to settings such 
as metric measure spaces with Ricci curvatures of Lott-Sturm-Villani [50, 51, 30] bounded 
from below. 
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Moreover, a heat semigroup (flow) is naturally associated to any given Dirichlet form. 
Via this, a notion of Ricci curvature bounded from below was introduced by Bakry and 
Emery [4]. Observe that the Ricci curvature of Bakry-Emery essentially depends on the 
differential (gradient) structure. On the other hand, under some additional assumptions on 
the underlying metric measure space, a notion of Ricci curvature bounded from below was 
introduced by Lott-Villani-Sturm [30, 50, 51], purely in terms of the length structure. It is 
then natural to analyze the connections between these different approaches; see [13, 2] for 
seminal studies in this direction. In this paper, we consider the intrinsic length structures 
and gradient structures of Dirichlet forms. 

Let X be a locally compact, connected and separable Hausdorff space and m a nonneg- 
ative Radon measure with support X. Let $ be a regular, strongly local Dirichlet form 
on L 2 (X), T the squared gradient and d the intrinsic distance induced by S '. We always 
assume that the topology induced by d coincides with the original topology on X. 

In Section 2, we establish the coincidence of the intrinsic length structure and the 
gradient structure of Dirichlet forms under a doubling property, a weak Poincare inequality 
and the Newtonian property. Indeed, we prove that if (X, d, m) satisfies the doubling 
property, then for every u £ Lip(X), the energy measure r(n, n) is absolutely continuous 
with respect to m and ^T(n, u) < (Lipn) 2 almost everywhere; see Theorem 2.1. If 
we further assume that (X, d, m) supports a weak (1, p)-Poincare inequality for some 
p G [1, oo) and that (X, S ', m) satisfies the Newtonian property introduced in this paper, 
then -£^T(u, u) = (Lipn) 2 almost everywhere; see Theorem 2.2. 

In Section 3, by perturbing the classical Dirichlet energy form of IR 2 on a large Cantor 
set, we construct a simple example that satisfies a doubling property and a weak Poincare 
inequality, but so that the intrinsic length structure does not coincide with the gradient 
structure; see Proposition 3.1. This shows that a doubling property and a weak Poincare 
inequality are not sufficient to guarantee that -£^T(u, n) = (Lipn) 2 almost everywhere. 
A more general construction can be found in [48]. Moreover, the gradient (differential) 
structure of our perturbed Dirichlet form does not coincide with the distinguished gradient 
(differential) structure of Cheeger's; see Proposition 3.2. Recall that if (X, d, m) satisfies 
a doubling property and a weak (1, p)-Poincare inequality for some p € [1, oo), then 
Cheeger [7] constructed a differential structure equipped with a distinguished inner product 
norm, which coincides with the gradient structure of T if (X, £, m) further satisfies the 
Newtonian property; see Corollary 3.1. 

In Section 4, with the aid of the above results, for the standard (resistance) Dirichlet 
form on the standard Sierpinski gasket equipped with the Kusuoka measure, we identify the 
intrinsic length structure with the measurable Riemannian and the gradient structures. In 
particular, some refined Rademacher theorems are established. See Theorem 4.1 through 
Theorem 4.3 below. 

In Section 5, we assume that (X, d, m) is compact and satisfies a doubling property. 
If the entropy is weak A-displacement convex for some A € R, then we obtain the 
equivalence of the following: 

(i) for all Lipschitz functions u, -£^T(u, u) = (Lipn) 2 almost everywhere, 

(ii) (X, m) satisfies the Newtonian property, 

(iii) the heat flow of £ gives the unique gradient flow of ^oc,; 
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see Theorems 5.1 and 5.2 below. Recall that the existence and uniqueness of the gradient 
flow of was already established in [1, 12]. 

In Section 6, applying the results of Section 2, we first obtain a dual fomula related to 
Kuwada's dual theorem and the boundedness from below of the coarse Ricci curvature of 
Ollivier [35]; this does not require the Newtonian property. Moreover, with some additional 
assumptions, relying on [41], we obtain that if the Ricci curvature of (X, d) is bounded 
from below in the sense of Lott-Sturm-Villani [50, 51, 30], then the Ricci curvature of 
(X, <o) is bounded from below in the sense of Bakry-Emery [3, 4]. 

In Section 7, assuming that (X, m) is compact and has a spectral gap, we show that 
the identity T(d x , d x ) = m for all x € X actually reflects some short time asymptotics of 
the gradient of the heat kernel. 

Finally, we state some conventions. Throughout the paper, we denote by C a positive 
constant which is independent of the main parameters, but which may vary from line to 
line. Constants with subscripts, such as Co, do not change in different occurrences. The 
notation A < B or B > A means that A < CB. If A < B and B < A, we then write 
A ~ B. Denote by N the set of positive integers. For any locally integrable function /, we 



denote by f E f dfi the average of f on E, namely, f E f d/i = f E f dfi. 
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2 Dirichlet forms: -£^T(u, u) = (Lipw) 2 

The main aim of this section is to establish the coincidence of the intrinsic length structure 
and the gradient structure of Dirichlet forms under a doubling property, a weak Poincare 
inequality and the Newtonian property; see Theorem 2.1 and Theorem 2.2 below. 

Let X be a locally compact, connected and separable Hausdorff space and m be a 
nonnegative Radon measure with support X. In this paper, L P {X) with p £ (1, oo] is 
the space of integrable functions of order p on X; ^(X) (resp. ^(X)) the collection of 
all continuous functions (with compact supports) on X, and ^(X) the collection of all 
signed Radon measures on X. 

Recall that a Dirichlet form $ on 1?{X) is a closed, nonnegative definite and symmetric 
bilinear form defined on a dense linear subspace B of L 2 (X), that satisfies the Markov 
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property: for any u £ O, v = min{l, max{0, u}}, we have £(v, v) < $(u, u). Then 
§ is said to be strongly local if ${u, v) = whenever u, v G D with u a constant on 
a neighborhood of the support of v; to be regular if there exists a subset of B D 'rfo(X) 
which is both dense in ^q(X) with uniform norm and in B with the norm || • ||d> defined 
by 1Mb = [IMI/^pq + u)] 1 ^ 2 for each u£l. Beurling and Deny [6] showed that a 
regular, strongly local Dirichlet form £ can be written as 



S{u, v) = / dT(u, v) 
Jx 



for all u, v G B, where T is an ^(X)-valued nonnegative definite and symmetric bilinear 
form defined by the formula 

(2.1) / cj)aT(u, v) = l- [£(u, tjm) + £(v, <jm) - £{uv, cp)} 

Jx 2 

for all u, v £ BnL°°(X) and 4> £ Bn^o(^)- We call T(u, v) the Dirichlet energy measure 



(squared gradient) and y ^T(n, u) the length of the gradient. 

Observe that, since cf is strongly local, T is local and satisfies the Leibniz rule and 
the chain rule, see for example [11]. Then both £(u, v) and T(u, v) can be defined for 
u, v £ Bi oc , the collection of all u £ L? (X) satisfying that for each relatively compact 
set K C X, there exists a function w £ B such that u = w almost everywhere on K. With 
this, the intrinsic distance on X associated to <§ is defined by 

(2.2) d(x, y) = sup{u(x) - u{y) : u £ B loc n ^(X), F(u, u) < m}. 



Here T(u, u) < m means that T(u, u) is absolutely continuous with respect to m and 

dm 



-r^-r(u, u) < 1 almost everywhere. 



In this paper, we always assume that <f is a regular, strongly local Dirichlet form on 
L 2 (X), and that the topology induced by d is equivalent to the original topology on X. 
Notice that, under this assumption, d is a distance, d(x, y) < oo for all x, y £ X, and 
(X, d) is a length space; see [45, 49, 52]. 

For such a space, the very first question is the coincidence of the gradient structure of 
r and the length structure of d. It is well known that for all x £ X, T(d x , d x ) < m as 
proved in [45]. Very recently, it was observed in [10] (see also [52]) that, for u £ Lip(X) 
with Lipschitz constant 1, we have T(u, u) < m. Moreover, under a doubling assumption, 
we are able to establish a pointwise relation between ^T(u, u) and Lip it as follows. Here 
and in what follows, for a measurable function u, its pointwise Lipschitz constant is defined 
as 

\u(x) — u(y)\ 
Lipu(x) =hmsup — r , 

y ^,x d{x, y) 

and Lip(X) stands for the collection of all measurable functions u with 

_ \u(x) - u(y)\ 

INI Lip(X) = SUp — < OO. 

x,y£X,Xyty U{X, y) 
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When it is necessary, we also write Lip as Lip d to specify the distance d. We say that 
(X, d, m) satifies a doubling property if there exists a constant Co > 1 such that for all 
i£l and r > 0, 

(2.3) m(B(x, 2r)) < C m(B(x, r)) < oo. 

Theorem 2.1. Suppose that (X, d, m) satisfies a doubling property. Then Lip(X) C Bi oc 
and for every u G Lip(X), T(u, u) < (Lip«) 2 m, that is, T(u, u) is absolutely continuous 
with respect to m and 

-r-r(u, u) < (Lipn) 2 
dm 

almost everywhere. 

The proof of Theorem 2.1 relies on the following three auxiliary lemmas. 
Lemma 2.1. For n G N, E = {^}?=i C X and A = {ai}f =l C R, se£ 

dA,E(x) = max {a^ - d(xj, x)} . 

i=l, ••• , n 

Then T(cIa,e, dA, e) < m. 

Moreover, ifT(d x , d x ) = m for every x £ X, then T(dA,E, dA, e) = 

Proof. We prove this by induction. It is easy to see that if n = 1, then from Y{a\, v) = 
for all v G Bi oc and from T(d Xl , d Xl ) < m proven in [45], we deduce that 

(2.4) r(oi - d xi , oi -d xi ) = T(ai, oi - d xi ) - T(d xi , ai - d xi ) = T(d xi , d xi ) < m. 

Now assume that the claim holds for n. We are going to prove it for n + 1. To this end, 
let E n+1 = {xi}^ C X and A n+1 C {di}^ G R. Notice that 

dA n+1 ,E n+1 = . max { ai - d Xi } 

i=l, ■■■ , n+l 

= max <^ max {m - d x J , a n+ i - d Xn+1 > 

li=l,---,n J 

= max {d An ,E n , a n+1 - d Xn+1 } , 

where A n = A n+ i \ {a n+ \} and E n = E n+ \ \ {x n+ {\. Recall that the following truncation 
property was proven in [45]: 

T(u A v, u A v) = l u< „r(u, u) + l u > v T(v, v), 

where uf\v = min{u, v}, and 1 p refers to the characteristic function of F. Denote u V v = 
max{ti, v}. Then we have 

T(u V v, u V v) = r((-u) A (-v), (-«) A (-«)) = l u >^r(n, u) + l u <vT(v, v), 

and moreover, if T(u, u) < m and T(v, v) < m, then T(u V v, uV v) < m. Now 

r(dA„,s„, dA„,s„) < m 



6 



P. Koskela and Y. Zhou 



by induction and 

r(a n+ i — dx n+1 , a n+ i — d Xn+1 ) < m 

by (2.4). Hence, we have 

r(d An+1 ,E n+1 , d An+uEn+1 ) < m, 

as desired. 

Moreover, if T(d x , d x ) = m for every x £ 2£ ', then (2.4) holds with < replaced by =. 
With this, by induction, we further obtain V{d A , e, d Aj e) = m. □ 

Lemma 2.2. Let V C X be a bounded open set. Define u(x) = sup zeV {v(z) — d(z, x)}. 
If v £ Dioc; lyr(v, v) < \ym and ||u|| Lip(V) — 1> then T(u, u) < m. 

Proof. For every n G N, choose a maximal finite set of V, {x n ,i} C V, such that 
d(x nt i } x n j) > ^diamT^, and for all x £ X, set 

u n = max{t)(x tli j) - d(x n i , x)}. 

i 

Then, by Lemma 2.1, r(n n , u n ) < m, which implies that {iin} n eN is a locally bounded 
set and hence has a subsequence which converges weakly in Bi oc to some no- With- 
out loss of generality, we still denote this subsequence by {u n }nm- Now T(uo, no) < 
lim n ^ oo r(u n , u n ) < m. 

It suffices to show that u = no- To see this, we first notice that u n (x) < u(x) for 
all x £ X. On the other hand, obviously, for all x £ V, u(x) = v(x) and for all i, 
u(%n,i) = v(x n j) = u n (x nt i). For any x £ X, there exists z £ V such that u(x) < 
u{z) — d(z, x) + — diamV! By the choice of x Ht i, we can find x n ^i £ B(z, - diam V). Since 
IMI Lip(y) < I; we have \u(z) - u(x n ^)\ = \v(z) - v(x n j)\ < d(x, x n>i ). Hence 

u(x) < u(z) — d(z, x) H diamF 

n 

= u(x nj i) - d(x nt i, x) + u(z) - u(x nt j) - d(z, x) + d(x nj i, x) + - diam V 

< u n (x) + 2d(z, x n ^i) + i diam V 

< u n (x) H — diam V. 

n 

So u n — > u uniformly. Thus u n — >■ u = uq weakly in D i oc , which implies that 

r(u, u) < liminf T(u n , u n ) < m. 

n->oo 

This finishes the proof Lemma 2.2. □ 

The following lemma was established in [7, Lemma 6.30]. Its proof uses the Lusin 
theorem and relies on decay property of a doubling measure on a length space observed 
in [8]. 
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Lemma 2.3. Suppose that (X, d, m) satisfies a doubling propery. Then for every ball 
B(xq, ro) C X, there exists a constant C2 > 1 such that for every n G N and u G 
Lip(B(xo, ro)), there exists a finite collection {B(x n j, r n j)} of mutually disjoint balls 
with x n j G B(xq, ro) and r n j < ro satisfying that 



,3)1 



(2.5) dist (B(x nti , r n>i ), B(x nJ , r nJ )) > \{r n>i + r n , 

(2.6) m(B(xo, r ) \ UjB(x n j, r n>j )) < C 2 ^m{B(xo, ro)), 

(2.7) / b(Xb . } |Lip«(s) - Lipn(x nij )| 2 dm < ±m(B(x nJ 3r nJ )) 

and so for all x, y £ B(x n j, r n j) with d(x, y) > \r n ^, 



\u(x) — u(y)\ 1 
(2.8) U_M <Llp ^. ) + _. 



Proof of Theorem 2.1. Let it G Lip(X). It suffices to prove that for every ball B(xq, r ) C 

(2.9) / l B(x ro) dT(u, «) < / l B(x0jro) (Upu) 2 dm. 
Jx Jx 

Indeed, by this and a covering argument, one can show that T(u, u) is absolutely con- 
tinuous with respect to m, and ^T(u, u) < (Lipn) 2 almost everywhere. We omit the 
details. 

To prove (2.9), we need the following construction via the MacShane extension, which is 
a slight modification of that in [7]. For n G N, let {B(x n j, r n,j)} be the covering provided 
by Lemma 2.3. For every j, we choose a maximal set {z n ,j, fc} C B(xq, ro) such that for 

d( z n,j,k, z n,j,e) > ^ r ™'^' 

Define a function -u ra on UjB(x n j, r n j) as follows: for x G B(x n j, r n j), set 

u n (x) = max{it(z„ ij!fc ) - Ljd(z n j jk , x)}, 

k 

where L njJ - = Lip u(x n j) + ^, and for x G X \ \JjB{x n ^, r n j), set 

U n (x) = SUp {«n(*) - ll«n||Lip(U J B(o ;n , J ,r n , J ))d(^, a;)} • 

Notice that for almost all x G B(x n j, r n j), since 

(2.10) l„ , > ma J \<y^-< z ^\ ) , 

we have 

(2-11) Lipu n (x) = ||n„|| Lip(B(:rni . irn j)) = Z, nJ . 
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Then by Lemma 2.1 and the strong locality of T, 
(2.12) l B{Xn . trnj) v(-^—u n ,-^—u n j 



max 1 — !— u(z n j tk ) - d(z n j :k , ■) 
& t J-'n, j 

< l B ( x r ) m - 

Moreover, by Lemma 2.3, 

(2.13) F(u n , u n ) < \\u\\ Uviyi]B{Xnjrnj)) m= (sup L nJ ) 2 m < (||u|| Lip(x) + l) 2 m, 

j 

which implies that j x l_B( XOjro )r(n n , u n ) is bounded in D. So there is a subsequence of 
{^B(x ,r ) u n}neN weakly converging to some v G B. Without loss of generality, we still 
denote the subsequence by the sequence itself, and hence 



/ dT(v, v) < liminf / l B{ x ) dT(u n , u n ). 
Jx n ^°° Jx 



On the other hand, by (2.10), we have u n (z n j tk ) = u(z n j t k) for all j and k. For every 
x G B(xj, rj), by the choice of z n j^, there exists z n j tk such that d(x, z n j^) < and 
hence 

|u(x) - u n {x)\ < \u(x) - u(z nJ:k )\ + \u n (x) - u n (z nJjk )\ 

< (\\u\\u P (x)+ L n j)d(x, zn tjtk ) < -(2||«|| L ip(x) + !)■ 

For x G B(xq, r ) \ UjB(x n j, r n j), we have 

\u n {x) - u{x)\ < \u n {x) - u n (z nJyk )\ + \u(x) - u{z nJyk )\ < 2(2||n|| Lip(x) + l)r . 
Thus we have 

(2.14) \\u n - «||ia (B(a . 0)ro)) < ||u - u n \\ L 2 {UjB(Xn ^ rn j)) 

+ 2 ( 2 IMI Li P (x) + l)r m(B(x , r ) \ UjB(x n j, r nJ )) 

< C(u, B(x , r ))-m(B(x , r )), 
n 

where C(u, B(xq, vq)) is a constant independent of n. This means that {1 b {xq, ro)u n } n£ N 
converges to 1 B (xo, ro)u in L 2 (X), and hence v = l B (xo, ro)ii, which together with the 
locality of F implies that 

(2.15) / l B ( Xiuro) dF(u, u) < liminf / l B{x ^ ro) dT(u n , u n ). 

JX n—>co J x 
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Now we estimate J x l B ^ XOtro )T(u n , u n ) from above. Observe that by (2.12), 
(2-16) l B{Xnthrn j) T{u n , u n ) < {Lj) 2 l B{Xno>rn]) m = {U V u n fl B{Xn]>rn]) m 

which yields 

(2-17) 1 B(x n , j ,r n , j )dT(u n ,u n )<^2 l B(Xn jyrn j) {Uvu n f dm 

j Jx j Jx 

Moreover, by the triangle inequality, Lemma 2.3 again, (2.11), (2.11) and the doubling 
property, we have 



f r Y /2 

- ' 2 / 1 B(x n , j ,r n , ] )(LipU- Upu n ) 2 dm\ 

U ' J 

if Y /2 

+ \ 5Z / j,r* i)( Ln >i ~ u P u ( x n,j)) 2 dm \ 

{ J Jx J 

< \ < Y^m(B{x n ,j, 3r n ,j))dm I + \m(B{x G , 2r ))] 1 / 2 



1/2 



r„, ( Li P « - LiP u (^n, j)) 2 dm 



< 



n 



-m(B(x , r )). 



^From this and (2.17), it follows that 



Yl / 1 B(x n , j ,r n , j )dT(u n , U n ) 



1/2 



< < 



1/2 



J x lB t x n,j,r n ,j)( u V u ) 2 dm j + C^m{B(x , r )) 



< jj^ li?( :E o,ro)(LipM) 2 dm| + C^m(B(i 0) r )) 
which together with (2.6) and (2.13) yields 



^J x ^-B(x ,r )dr(u n , u„)j < < ^ J^l B{Xn . jrnj) dF(u n , u n ) 



1/2 



c 



> + —m(B(x , r )) 
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< 



lB(x ih r Q )(Lipu) 2 dm 



1/2 



+ C-m{B(x , r )). 



Therefore, by (2.15), we obtain (2.9). 



□ 



Corollary 2.1. Assume that (X, d, m) satisfies a doubling property. For every u G 
Lip(X), 



klkip(x) = sup Lipw(x) = || Lipw|| L oc (x) 
xex 



_d_ 

dm 



T(u, u) 



1/2 

L°°(X) 



Proof. By the definition of Lipu(x), we easily have |M| Lip(x) > Lipu(x) for all x G X. 
The inequality sup^g^ Lipu(x) > || Lip«||^oo(x) is trivial. By Theorem 2.1, we also have 

II Lip u\ 



that II til 



L°°(X) 
Lip(X) 



> 



j 1/2 

|^T(u, ^H/oopn- Now, the proof of Corollary 2.1 is reduced to proving 

|^r>, „)||^ w . 

Fix u G Lip(X) with ||^T(n, it) 1 1 Loops') < °° (by Theorem 2.1 this actually holds for 



< 



-1/2 



G Oioc 



each u G Lip(X)). Then, for e > 0, we have v e = u(\\-£^T(u, u)\\l°o(x) + e ) 
and T(v e , v e ) < m. By (2.2), we have that for all x, y G X, \v e (x) — v e (y)\ < d(x, y), which 
implies that 

' d x 1/2 



|it(x) - u(y)| < 



dm 



d(x, y). 



L°°{X) 



This, together with the arbitrariness of e > 0, implies that ||u|| Lip(x) < II ^^(u, u)\\ L oofx) 
as desired. □ 

Remark 2.1. (i) In the proof above, we used the result that T(d x , d x ) < m from [45], 
but did not use the conclusion from [10] that this also holds for each 1-Lipschitz function 
u. 

(ii) The doubling property in Theorem 2.1 can be relaxed to a local doubling property: 
for every xq G X, there exists r xo > and C xo such that for all x G B(xo, r xo ) and r < r xo , 
m(B(x, 2r)) < C Xo m(B(x, r)) < oo. We would like to know if Theorem 2.1 holds for a 
general strongly local Dirichlet form. 

Applying Theorem 2.1, we clarify the relations of two kinds of weak Poincare inequalities 
on X with the aid of a quasi-Newtonian property. 

Recall that (X, £*, m) is said to support a weak (1, p)-Poincare inequality with p G 
[1, oo) if there exist constants A > 1 and C > such that for all u G Lip(X), x G X and 
r > 0, 



(2.19) 



u — 



B(x,r) 



U B (x 



dm < Cr 



B(x,\r) 



_d_ 

dm 



r(n, u) 



p/2 



l/p 



dm 



Similarly, (X, d, m) is said to support a weak (1, p)-Poincare inequality if (2.19) holds 
with [-£^T(u, u)] p ^ 2 replaced by (Lipu) p . 
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We say that (X, £, m) satisfies a K -quasi-Newtonian property if for every u G Lip(X), 
there exists a Borel representative g of \J ^T(u, u) such that for all Lipschitz curves 
7 : [0, 1] -> X, 

K 7 (0))-n( 7 (l))| <K / 

Here g is called a .Bord representative of a measurable function h if 5 is a Borel measurable 
function and satisfies that g{x) > h(x) for all x G X and g(x) = h(x) for almost all x £ X. 
If ivT = 1, we say that (X, &, m) satisfies the Newtonian property; otherwise we say that 
(X, $ , m) satisfies a quasi-Newtonian property. 

Proposition 2.1. Suppose that (X, d, m) satisfies a doubling property. Then for every 
p G [1, 00), (X, <?, m) supports a weak (1, p)-Poincare inequality if and only if(X, 8, m) 
satisfies a quasi- Newtonian property and (X, d, m) supports a weak (1, p)-Poincare in- 
equality. 

To prove Proposition 2.1, we recall the notion of an upper gradient; see [14] and also 
[20, 42]. Recall that a nonnegative Borel measurable function g is called a p-weak upper 
gradient of u with p G [1, 00) if 

(2.20) \u(x)-u(y)\ < [ gds 

for all 7 G r rcct \ r o , where x and y are the endpoints of 7, r rcct denotes the collection of 
non-constant compact rectifiable curves and r o has p-modulus zero in the sense that 

inf |||p||^p(x) ' P ls non-negative, Borel measurable, J pds > 1 for all 7 G T | = 0. 

We denote by N 1,P (X) the collection of functions u G L P (X) that have a p-weak upper 
gradient g G L' P (X), and moreover, ||«||jvi, vix) = ll n llLp(x) + m ^g ||5||lp(x)) where g is 
taken over all p-weak upper gradients of u. We denote by N^(X) the class of functions 
u G L p loc (X) that have a p-weak upper gradient that belongs to L P (B) for each ball B. 

For the following relations between the weak upper gradient and the (approximate) 
pointwise Lipschitz constant, see [7, Theorem 6.38] with a correction in [21, Remark 2.16] 
and also [42, 20]. For a measurable function u, its approximate pointwise Lipschitz constant 
is defined as 

T • / \ . , r \u{x) - u{y)\ 
apLipii(x) = ml limsup — r 

A yeA,y^x d{x, y) 

for every x G X, where the infimum is taken over all Borel sets A C X with a point of 
density at x. Notice that if u G Lip(X), then apLipu = Lip-u almost everywhere. 

Lemma 2.4. Suppose that (X, d, m) satisfies a doubling property and supports a weak 
(1, p)-Poincare inequality for some p G [1, 00). Then for every u G N^(X), there exists 
a unique p-weak upper gradient g u of u such that g u = apLip u almost everywhere and 
9u < 9 almost everywhere whenever g is a p-weak upper gradient of u. In particular, if 
u G Lip(X), then g u = Lipu almost everywhere. 
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Proposition 2.1 follows from Theorem 2.1 and the following lemma. 



Lemma 2.5. Suppose that (X, d, m) satisfies a doubling property and (X, m) supports 
a weak (1, p)-Poincare inequality for some p£ [1, oo) . Then there exists a constant C\ > 1 
such that for all u G N\£(X), 



(apLipw) 2 < Ci-^—T(u, u) 
dm 



almost everywhere. 



Proof of Lemma 2.5. Let u G N\£{X) and let g u be the p-weak upper gradient of u as in 
Lemma 2.4. Set 



g k (x) = sup< f 
j>k J 



B{x,X2-i) 



_d_ 

dm 



T(u, u) 



p/2 



i/p 



dm 



Then g k is Borel measurable; indeed, g k is lower semicontinuous. Observe that if g k (x) < 
oo, then limj^ QO u B ^ x 2 -j) exists. In fact, since for every j, 



u B (x,2-i)\dm < 2 3 



f 



B{x,\2~i) . 



,./2 y/p 

dm > 



B[x,2-i) 

by a telescope argument, we have 

l«B(x,2-i) " "BG^-Ol ~ 2- mi ^^> 5jfc (x) 

as j, £ — > oo. For such an x, we define = Y\mj^ 00 u B i X 2-j)- Generally, for x G X, if 
limj_ > . 00 'u B / a . ) 2-j) exists, then we define u(x) = limj^ >00 u B ^ x 2 -i)', otherwise, set u(x) = 0. 
Obviously, u(x) = u(x) for almost all x G X, and hence u and u generate the same element 

Now we are going to check that gu is a p-weak upper gradient of u. Observe that by a 
telescope argument again, for all x, y G X with d(x, y) < 2~ k ~ 2 , we have 

\u{x) - u(y)\ < d(x, y)[g k (x) + g k {y)}. 

Recall that, by [42, Proposition 3.1], u is absolutely continuous on p-almost every curve, 
namely, u o 7 is absolutely continuous on [0, £(7)] for all arc-length parameterized paths 
7 G Trcct \ r, where V has p-modulus zero. For 7 G r rect \ T, we are going to show that 



(2.21) 



\u(x) - u(y)\ < / g k ds. 

Ji 



To this end, by the absolute continuity of u on 7, it suffices to show that for j large enough, 



2-' 



r2~l ^ rZ(-y) 

I uoj(t)dt— / UOj(t)dt 
Jo h{i)-2~i 



P<(7) 



Mi) 
Jo ' 



g k o 7 (t) dz. 
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But, for j large enough, we have that 

c2 



2 J 



r£( 7 ) 



f ~ f 

/ no ry(t) dt — uo 7(t) dt 

JO Jt(i)-2-i 



= 2 3 



e(~f)-2-3 



o 



[uo 7 (t + 2~ j ) -uoj(t)]dt 



Mi)-2~i 

<2 3 \uo 1 {t + 2~ : >)-uo 1 (t)\dt 

Jo 

Ml)-2-i 

< / [9 k o^(t + 2^)+g k o 1 (t)] dt 

Jo 

f<~f) 

< 



/ 9k ° l{t) dt. 
Jo 



This gives (2.21) and hence g k is a p-weak upper gradient of u. Notice that Lemma 2.4 
gives that apLipu coincides with the unique minimal p-weak upper gradient of u and 
hence that of u almost everywhere. So apLip u < g k almost everywhere and hence, by the 
Lebesgue differentiation theorem, for almost all 



apLipu(x) < liminf g k {x) 

k~ >oo 



< lim sup 



k-yco j> k ) J B(x,\2-i) [dm 



d 



r(u, u) 



p/2 



1/p 



dm 



d 



< i t r ( ,, u)( x) 



1/2 



This finishes the proof of Lemma 2.5. 



□ 



Moreover, from Theorem 2.1 and Lemma 2.4 we conclude the following result. 

Proposition 2.2. Suppose that (X, d, m) satisfies a doubling property and supports a 
weak (l,p)-Poincare inequality for some p G [1, oo). Then (X, <f, m) satisfies the Newto- 
nian property if and only if for all u € Lip(X) ; 

d 



— — T(n, u) = (Lipu) 2 
dm 



almost everywhere. 



When p = 2, we further have the following conclusion. Recall that, as proved by Sturm 
[47], (X, d, m) satisfies the doubling property and (X, <f, m) supports a weak (1, 2)- 
Poincare inequality if and only if a scale invariant Harnack inequality for the parabolic 
operator | - A on R x I holds true, with A corresponding to $ . 
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Theorem 2.2. Suppose that (X, d, m) satisfies a doubling property and (X, $ , m) sup- 
ports a weak (1, 2) -Poincare inequality. Then the following hold: 

(i) B = N^ 2 (X) with equivalent norms, Lip(Jf) n ^o(Jf) is dense in B, and Bi oc — 

(ii) for all u G Bi oc ? r(it, it) is absolutely continuous with respect to m, and there exists 
a constant C\ > 1 such that for all u£Di oc , 

(2.22) -r-r(u, u) < (apLipn) 2 < d-^-T(u, u) 

dm dm 

almost everywhere, where apLipn = Lipu almost everywhere for u G Lip(X). 
fm) If (X, £, m) satisfies the Newtonian property, then C\ = \ in (2.22). 

Proof. Recall that if (X, d, m) supports a weak (1, 2)-Poincare inequality, then Lip(X)n 
^b(X) is dense in iV 1,2 (X) as proved in [42, 7]. Notice that Theorem 2.1 and Lemma 2.5 
implies that -£^T(u, u) ~ (Lipn) 2 holds almost everywhere for all u G Lip(X). Under 
this, it was proved in [26, 43] that B = N 1,2 {X) with equivalent norms. This implies that 
Lip(X) n &o(X) is dense in D and also that B loc = n]£(X). This gives (i). 

Obviously, for u G Lip(X), (ii) follows from Theorem 2.1, Lemma 2.5 and Proposition 
2.2. For u G Bi oc , by Bi oc = -^io C (^)' we nave that r(«, u) is absolutely continuous 
with respect to m, and Lemma 2.5 gives (apLipu) 2 < C\-£^T(u, u) almost everywhere. 
Finally, a density argument together with the closedness of £ and the fact that (ii) holds 
for Lipschitz functions leads to ^r(n, u) < (apLipn) 2 for all u G Bi oc , which completes 
the proof of Theorem 2.2. □ 



3 Dirichlet forms: -£^r(u, u) ^ ( Lipw) 2 

This section is a continuation of Section 2. By perturbing the classical Dirichlet energy 
form on R 2 , we construct an example that satisfies the doubling property and a weak 
Poincare inequality but so that the intrinsic length structure does not coincide with the 
gradient structure; see Proposition 3.1. This shows that doubling and Poincare are not 
enough to obtain -f^T(u, u) = (Lipn) 2 almost everywhere (this fact can also be deduced 
from [48]; see Remark 3.1 below). Moreover, the gradient (differential) structure of our 
perturbed Dirichlet form does not coincide with the distinguished gradient (differential) 
structure of Cheeger; see Proposition 3.2. Notice that the distinguished differential struc- 
ture of Cheeger coincides with the gradient structure of V if (X, <§ , m) further satisfies 
the Newtonian property; see Corollary 3.1. 

Our example is a perturbation of the classical Dirichlet energy form on M 2 on a large 
Cantor set E. Denote by m the Lebesgue measure on 1R 2 , and denote by | ■ — ■ | the 
Euclidean distance. The classical Dirichlet form $ is defined by ${u, u) = f R2 |Vu| 2 dm 
with the domain D = T / F 1,2 (1R 2 ), where V is the distributional gradient. Notice that 
the Euclidean distance gives the intrinsic distance associated to S '. Thus (M 2 , &, m, | ■ 
— • |) satisfies a doubling property, a weak (1, l)-Poincare inequality and the Newtonian 
property. Moreover, the length structure coincides with the gradient structure, that is, 
|Vu| = apLipn almost everywhere for all u G W 1,2 (M. 2 ). 
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Let F be the Cantor set constructed as follows: Ii are the two closed intervals obtained 
by removing the middle open interval with length 1/10 from [0, 1] and are ordered from 
left to right; when n > 2, li x —i n are the two closed intervals obtained by removing the 
middle open interval with length (1/10)™ from Ii l ..-i n _ 1 , and are ordered from left to right; 
F = n ne N Ui 1: ... : i n I^-.-in- Notice that F has positive 1-dimensional Lebesgue measure. 
Set E = F x F. Then M? \ E is dense in M. 2 and by the Fubini theorem, m(E) > 0. 

Now, for any 5 G (0, 1), we define a perturbation $5 of <§ by setting 

S 5 {u, u)= I (1 - 51 E )\Vu\ 2 dm. 
Jk 2 

It is easy to see that is a regular, strongly local Dirichlet form with the domain D = 
W 1 ' 2 (R 2 ), and for aeD loc , T E (u, u) = (1 — 51e)\Vu\ 2 m. Moreover, let d$ be the intrinsic 
distance defined as in (2.1). Then 

(1 - 5)\Vu\ 2 < -^s{u, u) < |Vu| 2 

implies that 

\x-y\< d s (x, y) < j^\x - y\. 

^From this, it is easy to see that (M 2 , d$, m) satisfies the doubling property and a weak 
(1, l)-Poincare inequality. However, the intrinsic length structure does not coincide with 
the gradient structure when 5 is close to 1. 

Proposition 3.1. There exists 8e G (0, 1) such that, for every 5 G (Se, 1), the intrinsic 
length structure and the gradient structure of(M. 2 , #5, ds, m) do not coincide, that is, there 
exists iieD such that -£^T(u, u) < ( apLip ^n) 2 on some set of positive measure. 

To prove this, we need the following crucial property. 

Lemma 3.1. There exists a positive constant Ce > 1 such that for every pair of x, y 6 M 2 , 
we can find a rectifiable curve 7 joining x and y and satisfying 

(i) ^2(7) < Ce\x — y\, where ^2(7) is the length of 7 with respect to the Euclidean 
distance, 

(ii) the set 7 n E contains at most 2 points. 

Proof. It suffices to consider all pairs of x, y G [0, l] 2 = [0, 1] x [0, 1]. Indeed, if both 
x and y belong to R 2 \ (0, l) 2 , (i) and (ii) obviously hold; if only one of x, y belongs to 
(0, l) 2 , say y G (0, l) 2 , taking z to be the intersection of the boundary of (0, l) 2 and the 
interval joining x and y, and gluing the interval joining x, z and the assumed curve joining 
y, z, we obtain the desired rectifiable curve. 

We claim that for all pairs of x, y £ [0, l] 2 \ E, there exists 7 joining x and y such that 
^R 2 (7) ^5 \ x ~ y\ an d jHE = 0. Assume that this claim holds for the moment. If x G E and 
y ^ E, since M. 2 \ E is dense in R 2 , there exists a sequence {x n } n€ N C [0, l] 2 \ E of points 
such that x n — > x as n — > 00 and \x — x n \ < ^\x — x n _i| for all n > 1, where xq = y. Let 
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j n be the assumed rectifiable curve joining x n _i, x n for n G N. Set 7 = (U„ e N7n) U {x, y}. 
Observing that 

I Xn Xfi — 1| — \x Xfi — 1| ~t~ |x X^i\ 2|x Xfi — ]J ^ 2 |x Xq I , 

we have that 

42(7) < /^^(in) ~ X]^™ - ^- 1 ' ~ ^ 2_n l x_:ro l ~ I ^ — 2/1 - 

n€N n€N neN 

Obviously, 7„ n E = for each nGN implies that 7 n E cointains a single point. If 
x, y £ E, we pick a point z in the intesection of R 2 \ E and the interval joining x and y. 
This reduces us to the case x £ E and y ^ E. 

Now we prove the above claim. Let x, y G [0, l] 2 \ -E. Let = {x + £(xi, 0) : ( £ 1} 
be the line parallel to xi-axis and and iff = {x + i(0, X2) : t £ K) parallel to X2-axis. 

Observe that at least one of and iff does not intersect E. Otherwise, if both L x ^ 

(2) 

and L x intersect E, then (xi + t±xi, X2), (xi, X2 + £2^2) G E for some t±, £2 G R, and 
hence, xi, X2 G F. Thus x = (xi, X2) G E, which is a contradition. Similarly, define iff 
and iff and then at least one of 1^ and does not intersect E. If iff and do 
not intersect E, since H iff / 0, there exists a unique z G (L^ n iff) n [0, l] 2 . 
Then we take 7 as the union of the interval joining x and z and the interval joining y 
and z. Obviously, 7 is as desired. We reason analogously if iff and iff do not intersect 
E. However, it may happen that only iff and iff do not intersect E. In this case, we 
take z = (z±, X2) G such that zi G [0, 1] \ F but \z± — x±\ < |xi — yi\/2. Notice that 
the fact that iff and iff do not intersect E implies that X2, yi G [0, 1] \ F, and that 
z\, X2 G [0, 1] \ i 7 implies that does not intersect E. Hence w = (z±, 1/2) G n iff 
does not belong to E. The desired rectifiable curve 7 is given by the union of the interval 
joining x, z, the one joining z, w and the one joining w, y. Indeed, obviously, we have 
7 G [0, 1] \ E, and moreover, 

^2(7) < |x - z\ + \z - w\ + \w - y\ < -|xi - 2/1 1 + |x 2 - y2\ + \zi - yi\ <\x-y\. 

(2) (2) 

We reason analogously if I x and I y do not intersect E. This finishes the proof of 
Lemma 3.1. □ 

Proof of Proposition 3.1. We first prove that for all x, y G R 2 , 
(3.1) d 5 (x, y) < C E \x-y\, 

where C E is the constant from Lemma 3.1. For every u G Dioc with T^u, u) < m, 
we have u G Lip(R 2 ) (with respect to the Euclidean distance) and |Vii(x)| < 1 for 
almost all x G R 2 \ E. Thus u is locally 1-Lipschitz outside of E. For a pair of points 
x, y G R 2 , let 7 be a curve as in Lemma 3.1 of length at most Ce\x — y\. We conclude 
that \u(x) — u(y)\ < Ce\x — y\. 
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Let u be a smooth function with compact support. Then u G Lip^M 2 ) C Di oc - For 
every x G E n (0, l) 2 , since 

Hx) - Vu(x) • (x-y)\ 
hm sup sup — = 0, 

r->0 d s (x,y)<r d s{X, V) 

we have that 

t- / \ ^ i- - f \ u ( x ) ~ u (v)\ ^ y - f |Vu(x) ■ (x-y)\ 

Lip d x u(x) > hminf sup — -—^ > hminf sup 1 ~rr^^ — ■ 

d s (x,y)<r d S {X, y) r^O d 5 ( x , y )< r d s {x, y) 

Assume that V«(x) / 0. Observe that there exists a sequence {yijigN C M. 2 \E such that 
yi = x + ejVu(x) and e« — > 0. Choose 5e = 1 — Then by (3.1) and 5 G (1 — 1), 

Lip^(x) > |V«(x)| hminf > J-|V«(s)| > (1 - *)|Vu(x)| = *-T(u, u)(x). 

Since E n (0, l) 2 has positive measure, if u has non-vanishing gradient on this set, then 
^r(n, u) < (Lip^u) 2 on E n (0, l) 2 as desired. □ 

Remark 3.1. It can be also deduced from Sturm [48] that doubling and Poincare are not 
sufficient to guarantee that ^T(u, u) = (Lipw) 2 almost everywhere. Indeed, Sturm [48, 
Theorem 2] constructed a Dirichlet form 

*(«,«)=/ a(x)|V«(x)|» An W , 

where a(x) satisfies < c < a(x) < 1 for all x G R 2 , for which the intrinsic distance d a is 
exactly the Euclidean distance. Our construction is motivated by the Cheeger differential 
structure below. 

Now we recall the distinguished differential structure constructed by Cheeger [7]. As- 
sume that (X, d, m) satisfies the doubling property and a weak (1, p)-Poincare inequality 
for some p G [1, oo). Cheeger [7, Theorem 4.38] proved the existence of an atlas that 
consists of a countable collection {(U a , y a , k(a))} a€ _A of charts, where 

(i) Ua's are measurable sets and m(X \ U a U a ) = 0; 

(ii) k(a) G N, sup ae _4 k(a) < oo and if m(U a n Up) > 0; then k(a) = k(/3), 

(iii) y<* = (yf , • • • , y° Q) ) : U a -> R k ^ is Lipschitz; 

(iv) for every a G A and u G Lip(A), there exist V a (u) C U a and a collection 



j J l<i<k(a) 

of bounded Borel measurable functions uniquely determined almost everywhere such that 
m(U a \V a (u)) = and for all z G V a (u), 

k(a) 

(3.2) u(u;) = u{z) + (tf(«0 ~ + °(^' *)); 

3=1 1 
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(v) if m(U a n Up) > 0, then the matrix of is invertible almost everywhere in U a n Up. 

The above atlas yields a bi-Lipschitz invariant measurable tangent bundle TX and 
cotangent bundle T*X. In fact, for every Lipschitz function u : X — > R, its differential du 
is defined as (J%, ■ • • , g ^" ) and its derivative as Du = Yl!i=i F^TT" on eacn ^a- Notice 
that is the dual of T*X. For a Lipschitz function u, its derivative Du : TX — > R 
coincides with its differential dit in the sense that 

*(a) 5u 

(TJu(z), u) a = ^ = 
i=l y * 

for every z G V^(u) C f/ a and u = X^J? v « af« e T Z X. Moreover, for each z G V^(u) C C a , 

,fe(a) 



a natural norm || • \\t z x on T 2 X is defined by setting |H|t z x = Lip d (^i=i v iV? j f°r 
v = Ya=i v iS* G T z x and hence ||T)u||t z x = Lip d ^kvf) for evei T Lipschitz 



function u. Generally, \v \\t z x is not Hilbertian. Cheeger [7, p. 460] introduced a distin- 
guished inner product norm ||M||t z x associated to it as follows. 

Let V be a fc-dimensional vector space and || • || be a norm on V. Denote by V* the 
dual space of V, endowed with the norm || • ||* induced by || • ||. Then a distinguished 
inner product norm ||| ■ |||* on V* is obtained by identifying the functions of V* with their 
restriction to the unit ball -B||.||(0, 1)) (with respect to || • ||) and regarding the functions 

so obtained as elements of L 2 (£>||.|| (0, 1), (k + 1) voi°fc+2) -^"(f- 1| ) • Here Vol(n) denotes the 
volume of the Euclidean unit ball of W l and is the /c-dimensional Hausdorff measure 
associated to the metric induced by || • ||. In other words, for v* 6 V*, we define 

(\ V 2 
< t + 1 >v|^/ B , |l( ,J»>>l 2 ^#>) ■ 

Then the inner product norm ||| • ||| on V is defined by = supi|i t; *|||»< 1 v*(v). Notice 
that if || • || is an inner product norm, then ||| • |||* = || • ||* and ||| • ||| = || • ||. 

Now we have two differential (gradient) structures on (X, g, d, m): the original one of 
T induced by $ and the distinguished one ||| • \\\tx induced from the intrinsic distance in 
the sense of Cheeger. Under some reasonable assuptions, they coincide as a corollary to 
Theorem 2.2. 

Corollary 3.1. Suppose that (X, d, m) satisfies a doubling property, and that (X, m) 
supports a weak (1, 2)-Poincare inequality and the Newtonian property. Then for allu 6 B, 
■£^T(u, u) = \\\Du\\\\ x = (apLip d «) 2 almost everywhere. 

However, generally, -ir-T and || | • || \^x do not necessarily coincide. This will be illustrated 
by the above example in Proposition 3.2 below. To this end, notice that since (R 2 , d$, m) 
satisfies the doubling property and a weak (1, 2)-Poincare inequality, by [7], there exists 
some atlas. Up to some change of the coordinate functions, we can take the atlas with 
a single chart U C M 2 with m(R 2 \U) = 0, and naturally, choose x = (xi, X2) as the 
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coordinate. Indeed, let {(U a , y a , k(a))} ae ^ be the atlas determined by [7] as above. We 
will compare it with the usual coordinates via the classical Rademacher theorem: for every 
u G Lip(M 2 ) and almost all z G M 2 , 

(3.4) u(w) = u{z) + ^^-{wi - Zi ) + o(\w - z\). 

i=i ° Xi 

Notice that this formula also holds when \w — z\ is replaced by d$(w, z) since the two 
distances are equivalent. Now, for a G A, applying (3.4) to (yf)\^, we get a Jacobian 
matrix ^ = (^-)i=i, ■-- i=i, 2 almost everywhere; while applying (3.2) to (zi, x 2 ), 
we get ^ = (§$jr)i=i,2;j=i,-,k(a) on v a(xi) n V a (x 2 ). Then for almost all z G U a , we 
have 

dx dy a 
w = z + d~^^~dx^ Z ^ W ~ ^ + °( ds ( w -> 

which implies that -j^s^r = Id 2 almost everywhere in U a . Similarly, ^r^^ = ^rffc(a) 

almost everywhere in U a . This implies that k{a) = 2, and = (^r)" 1 almost ev- 
erywhere. Therefore on U a , and hence on U ae ^U a , we can use the uniform coordinate 
function x. 

Under the above atlas {(U, x, 2)}, from the above argument, we also see that the 
Cheeger derivative D$u coincides with Vit for all Lipschitz functions u, namely, Dgu = 
mimi + feafe" For almost all , G [/ and „ = + v 2 ^ G T Z R 2 , | MkR2 = 

Lip da (wia;i + V2X2). But when S is close to 1, the following result shows that || \Dsu\\ \^ R2 
does not coincide with the squared gradient -£^T$(u, u) and hence, the distinguished 
differential structure of Cheeger does not coincide with the original differential structure 
on (E 2 , S s , d s , m). 



Proposition 3.2. There exists a 5e G (0, 1) such that for every S G (<5e, 1), we can find 
a function u G Lip(M 2 ) such that -£^Fs(u, u) < \\\Dsu\\\ 2 n R2 on some set with positive 
measure. 

To this end, we need the following result, whose notation is that of the paragraphh 
containing formula (3.3). 

Lemma 3.2. Assume that \\ ■ \\ and \\ ■ \\ Q are two norms on V that satisfy M' l \\ • || < 
II • || o < -^11 • II f or some M > 1. Then there exists a positive constant C(M, k) such that 

' III < III • IHo < C(M, 



C{M, k) 



Proof. We first notice that Hjj\, (and also Hjj\,) is a constant multiple of the Lebesgue 
measure on IR fc due to the its translation invariance. Then H^y = c Q H k ^ for some 
c > 0. We claim that M~ k < c D < M k . Indeed, recall that for any set F, its k- 
dimensional Hausdorff measure with respect to the norm || • || is defined by Him, (F) = 
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lim e ^o+#|ui IF) with 



4iu e ( F )^ inf {E( diam ii-iio^) fc } 



1/2 



where the infimum is taken over all covers {U{\i of F with diam ||.|| C^ < £• Notice that 
■ || < || ■ || < M|| • || implies that 

M _1 diam||.||?7 < diam ||.|| C/ < Mdiam \\.\\U. 

Then it follows that H k ^ t (F) < M k H^ Mt (F) and hence H\\.\\ o (F) < M k H^(F). 
Similarly, H k ^(F) < M k H k ^(F) as desired. 

Moreover, observing that 5||.|| o (0, 1) C B||.||(0, M), by the scaling property of the 
Lebesgue measure and hence of H k .\\, we obtain 

(\ V 2 
-(* +1 »W?2)/ B , l|(0 , M) i"-wi 2rf 4 l ,wJ 

< ( Co M fc+2 ) 1/2 |||z;*||r, 

1 /9 

which implies that |||v||| < {c M k+2 ) HMIIo- Similarly, we have 

/ i \ 1/2 

||| v ||| o < (±M k+2 ) \\\v\\\, 

which finishes the proof of Lemma 3.2. □ 

Proof of Proposition 3.2. For almost every z G U and v = v\ + v 2 -^ G T Z M?, following 
Cheeger's definition, we have ||«||t z m 2 = Lip d 5 (viX\ + v 2 x 2 )(z). Set 

||v|| = |V(«iXi + v 2 x 2 ){z)\ = (vf + v 2 ) 1 ' 2 . 
Since (3.1) implies that ^|Vu(^)| < Lip da u(z) < |Vu(z)| for u G Lip(M 2 ), we have that 
C^rlMI ^ IMIt z r 2 < IMI> which together with Lemma 3.2 leads to 

1 



C(C E , 2) 



Mil < \\\v\\\t z ri<C(C e , 2)\\\v\\ 



Notice that || • || = ||| • |||. We choose 6e = 1 — c(c E 2) • ^ or evei T ^ ^ (^Ej 1) and z G EnU, 
we have 

-^-rj^iXi + W 2 X2, UlXi + «2^2)(^) 

am 

= (1 - <5) 2 |V(t»iXi + v 2 x 2 ){z)\ 2 = (1 - 5) 2 |M| 2 
< IIMIIt z r2 = ( u Pd s ( v iXi + v 2 x 2 )(z)) 2 . 
Since the set E D £/ has positive measure, this finishes the proof of Proposition 3.2. □ 
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4 A Sierpinski gasket with -^V{u, u) = (Lip d w) 2 

In this section, for the standard (resistance) Dirichlet form on the Sierpinski gasket 
equipped with the Kusuoka measure, we will identify the intrinsic length structure with the 
measurable Riemannian and the gradient structures; see Theorem 4.1 through Theorem 
4.3 below. We begin with the definition of the Sierpinski gasket K. 

Definition 4.1. Let Vo = {p±, p2, P3} G M 2 be the set of the three vertices of an equilateral 
triangle, and for pi G Vo, define Fi(x) = (x+pi)/2 for all x G M 2 . The Sierpinski gasket K 
is defined as the self-similar set associated with the family of contractions {Fi}f =1 , namely, 
K is the unique non-empty compact set satisfying K = Llf =l Fi(K). 

On the Sierpinski gasket K, there is a standard resistance form [S , F). Before defining 
it, we recall the following standard notation and notions. 

(i) Let S = {1, 2, 3}. Set W = S° = {0} and for n G N, W n = S n = {hi 2 ■ ■ ■ i n \ij G S}. 
Let W* = U ne pj U {o}W n . Set £ = £ N = {iii 2 • • • \i n £ S} and for w 6 W n , £ w = {v G 
E\vi ■■■v n = w}. 

(ii) For w = w\ ■ ■ ■ w n G W n with n G NU{0}, define = n, write F w = F Wl o- ■ ■ oF Wn if 
n / 1 and F w = Id K if n = 0, and set if m = F w (iT). For n G NU{0}, V n = U w <= Wn F w (V ). 

y* = u„ eNU { }y n . 

(iii) For w = w\w 2 ■ ■ ■ G S, define 7r(iw) = n„>iK u , 1 ... u , n . Then 7r : £ — >■ if is continuous, 
surjective, and jj(7r —1 (x)) = 2 if x G U™ =1 V n and )^7r~ 1 (a;) = 1 otherwise. For w G H 7 *, 
7r(S w ) = if^ and S w = 7r _1 (-£„,). 

For n G N U {0} and each pair of u, v G ^(if ), define 



where p ~ (/ if and only if p, g G F w (Vo) for some u; G W n . Notice that <§ n is a non-negative 
definite symmetric quadratic form on ^(K) and S n {u, u) < S n+ i(u, u) for all « G "^(if). 
Then the following resistance form F) is well defined. 

Definition 4.2. Lei F = {u G ^(if)|lim 

n— >oo ( £'n{ u i u ) < 00 } define S(u, v) = 

lim n _>. 00 <f n (u, f ) /or aZZ u, v G F. 

Observe that, associated to the above resistance form (<#, F), the square gradient T(n, u) 
is well defined by (2.1) as a signed Radon measure on K for each pair of u, v G F. 

Kusuoka [27] endowed (if, <f , F) with a "Riemannian volume" measure. Here we recall 
its definition via the harmonic embedding <E> of K into R 2 see [22, 19]. We say that h G F 
is an E-harmonic function for some compact set £7 C if if <£*(/&, u) = for all u G F with 
u = on E. Let /ii, /12 G Fbe Vo-harmonic functions satisfying 

hi(pi) = h 2 (pi) = 0, h 1 (p 2 ) = hi(p 3 ) = 1, and - ^2(^2) = ^2(^3) = 

For the existence of such functions see, for example, [23, Section 3.2]. Observe that by [22, 
Theorem 3.6], the harmonic embedding $ = (hi, h 2 ) actually induces a homeomorphism 
between K and <&(K). Due to this, $(if) is called the harmonic Sierpinski gasket. 




22 



P. Koskela and Y. Zhou 



Definition 4.3. The Kusuoka measure m on K is denned by m = T(hi, hi) + F(h,2, ^2)- 

Notice that the Kusuoka measure m is non-atomic and satisfies m(U) > for all open 
nonempty sets U C K; see [27, 22] and below. Then by [23, Theorem 3.4.6], (K, g, m) 
is a strongly local, regular Dirichlet form on L 2 (K, m) with domain D = F. The strong 
locality obviously follows from the definition of $ . The intrinsic distance d associated to 
(K, <£, m) is then defined as in (2.2). To distinguish it from the Euclidean distance on 
R 2 , we let Bd(x, r) = {y G K\d(x, y) < r} for x G K and r > 0, and denote by Lip d (K) 
the space of Lipschitz functions and by Lip rf u (resp. apLip rf u) the (resp. approximative) 
pointwise Lipschitz constant with respect to d. 

The following result identifies the intrinsic length structure with the gradient structure 
on (K, <f, d, m). 

Theorem 4.1. For every agl, the energy measure T(u, u) is absolutely continuous with 
respect to the Kusuoka measure m and ^T(u, u) = (Lip rf n) 2 almost everywhere. 

To prove this, we first recall the following properties of (K, d, m). 

Proposition 4.1. The topology induced by d coincides with the original topology on K 
inherited from IR 2 , (K, d, m) satisfies a doubling property, and (K, S, m) supports a weak 
(1, 2)-Poincare inequality. 

Proposition 4.1 has been proved in [24, Theorem 6.2] and [19, Lemma 3.7 and Propo- 
sition 3.20] with the aid of the dual formula: for all x, y G K, 

(4.1) d(x, y) = infL? K 2(<& o 7)17 : [0, 1] — > K, 7 is continuous, 7(0) = x, 7(1) = y}, 

where £^2 (3> o 7) denotes the length of $ o 7 : [0, 1] — > M 2 with respect to the Euclidean 
distance. Recall that (4.1) is proved in [19, Theorem 4.2], and the right hand side of (4.1) 
is first introduced in [24] as the harmonic geodesic metric. ^From (4.1), it easily follows 
that 



But, as pointed out in [24, p. 800], d& is not comparable to d; indeed, there exists a double 
sequence {x n , y n }n<=N C K such that d&(x n , y n )/d(x n , y n ) — > as n — > 00. 

We also need the following Rademacher theorem on K, which is a corollary to Theorem 
4.2 below. 

Proposition 4.2. For every u G D>, there exists a unique measurable vector field Vu such 
that -£^T{u, u) = \Vu\ 2 almost everywhere, and for almost all x G K and all y G K, 



(4.2) 



d*(x, y) = - $(y)| < d(x, y). 



(4.3) 



u(y) - u(x) - Vu(x) • ($(y) - $0*0)1 = o(d(x, y)). 



With the help of the results in Section 2 and the above Proposition 4.1, Proposition 4.2 
and (4.2), we now prove Theorem 4.1. 
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Proof of Theorem 4-1- Combining Proposition 4.1 and Theorem 2.2, we have that for all 
u G D, r(u, u) is absolutely continuous with respect to m and (2.22) holds with some 
C\ > 1. By Theorem 2.2 and Proposition 2.2 or some density arguments, the proof of 
Theorem 4.1 is reduced to verifying that we may take C\ = 1. For almost all x G X 
satisfying (4.3) for all y, applying Proposition 4.2 and (4.2), we have 

\u(y) - u(x)\ < |u(y) - u(x) - Vu(x) ■ ($(y) - $(a;))| |Vu(x) • (<&(y) - $(a;))| 



y) y) d(x, y) 

My)-$(x)\ 



< o(l) + V«(x) 

< o(l) + Vu(x) 



y) 



which implies that Lip rf 7t(x) < |Vu(x)|. This finishes the proof of Theorem 4.1. □ 

To prove Proposition 4.2, we need several geometric properties of (K, <f, d, m). We 
first recall the geometric description of $(K); see [27, 22] and also [24, 19]. Let {T;}f =1 
be the linear transformation on R 2 with the matrix representations: 



:/, i 3/ 5 Z'- 1 i-> = 



( 3/10 -V3/10\ _ / 3/10 y^/lO 

V-v^/lO 1/2 J and T3= VV3/10 1/2 



Define fli(x) = $(pi) + T»(x - Sfo)) for all x G R 2 , i = 1, 2, 3. Then $(K) is exactly 
the self-similar set determined by the system {Hi}f =1 , namely, &(K) = uf =1 Hi(Q(K)). 
Moreover, H \ o $ = $ o FL i and $ : K — > $(K) is a homeomorphism. 

We recall the "Riemannian volume" m on £ introduced in [27], namely, the Kusuoka 
measure via geometric description. There exists a unique Borel regular probability measure 
on S such that for all to = t«i • • • w n G W*, 777s(S w ) = (5/3) n ||T u ,|| 2 , where T w = 
T W1 o ••• o T Wn and \\T W \\ denotes its Hilbert-Schmidt norm; see [27]. The pushforward 
measure 7r*TO£ = ms o7r _1 is exactly the Kusuoka measure m as in Definition 4.3. Indeed, 
for w = w± ■ ■ ■ w n G W* , 

(4.4) 7r*m E (^) = 777 S (vr- 1 (K ?i ,)) = m s (S w ) = ^ \\T W \\ 2 = m(K w ); 

see [22] and also [19, Proposition 2.14]. 

Now we collect some further properties, which will be used later. See [27, 22, 24, 19] 
for their proofs or details. 

Lemma 4.1. (i) Ifu,ve D, then u o Fi, v o Fi G D /or i = 1, 2, 3 and 

5 3 

£{u, v) = -y2^(uoF l ,voF l ). 

6 i= i 

(m,) There exists a constant C2 > 1 st7c/j i/mf /or 77 G B, 



osc 77 < Ci\J <§ (u, 



K 



where osc e 77 = sup^,^ — inf^ge it(x) /or any se£ £\ 
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For s G (0, 1], denote by A(s) the collection of all w = W\---w n G W* such that 
Unroll < s < \\T Wl o • • • o T Wn _ 1 || when n > 2 and ||T W || < s when n = 1. For x G A' and 
s G (0, 1], set 

A"(x, s) = (J A^, and C/(x, s) = [J K w . 

weA(s),xeK w weA(s),K w nK(x,s)^9 

Then we have the following results; see [24] and [19]. 
Lemma 4.2. (i) For all x G K , s G (0, 1] and iw G A(s), 

(4.5) tf{n G A(s)|A^ n K(x, s) / 0} < 6 and (({u G A(s)|A^, n K w / 0} < 4, 
and i/iai 

(4.6) B d (x, v^s/SO) C I7(x, s) C B d (x, 10s). 

fn) There exists a positive constant C3 > 1 snc/i that if w, v G A(s) and A" w n A^ 7^ 0, 
i/jen 

(4.7) C^m^) < m(A^) < C 3 m(^)- 

(mj There exists C4 > 1 snc/i i/iaf for all w G IF* and i G {1, 2, 3}, 

(4.8) C^m(K w ) < m{K wi ) < m{K w ). 

Applying the properties above, we obtain the following results. 

Lemma 4.3. (i) There exists a positive integer N such that for all x G K and s G (0, 1), 
ifw, v G A(s) satisfy x G K w and K v (lK(x, s) 7^ 0, then max{|nj| — N, 0} < |n| < \w\+N. 

(ii) There exists a constant C% > 1 such that for all x G K and s G (0, 1), if w G A(s) 
and x G A"„,, i/ien m(B^(x, s)) < C§m(K w ). 

Proof, (i) Without loss of generality, we may assume that K w n A„ 7= 0. Indeed, there 
must exist a G A(s) such that AT CT n K w 7^ and K a D K v / 0. By (4.4), v G A(s) and 
(4.8), we have 

c "(l) » 2£C "© ll T ».-«»-.ll 2 £ (I) |T.|'<(§) 

and the same inequality also holds with v replaced by w. ^From this, it is easy to see that 
\\T W \\ < s < ^5 s - Moreover, by (4.4), w, v G A(s) and (4.7), we also have 




which gives that ||TJ| 2 ~ H s 2 . Hence, (§) M H ~ 1, which yields (i). 
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(ii) By the doubling property and (4.6), 

m(B d (x, a)) < m(B d (x, s/2s/25)) < m(U(x, s)). 

Then, by (4.5), it suffices to show that for all v G A(s) such that K v n K(x, s) ^ 0, we 
have m(K v ) < m(K w ). But this follows from (4.7) and the fact that there must exist 
cr G A(s) such that K a n if™ / and if CT n if„ / 0. This finishes the proof of Lemma 
4.3. □ 

Lemma 4.4. Let h = h\ or h = h,2- Then for all u, v, f, g G D and /or almost all x £ K, 

(a qi dr(n, t;) gXA g) r _N _ gX^ g) M gU 

1 j dT(/i, fc) 1 J dT(ft, h) [ ' dT(h, h) K ' aT(h, h) 1 h 
and for all c£K, 

(4 101 cir(cn + 77, g) dr(n, ff) dT(«,g) (1 

1 Uj dT(/i, /») 1 ' ~ aT(h, h) [X) + aT(h, h) [Xh 

Moreover, (4.9) and (4.10) also hold with F(h, h) replaced by m. 

Proof. By [15, Theorem 5.6], for every T(n, u) is absolutely continuous with respect 

to T(/i, h). Thus F(h, h) and m are mutually absolutely continuous, and moreover, for 
every u G F, by (2.1) and the Cauchy-Schwarz inequality, both T(u, h) and T(u, u) are 
absolutely continuous with respect to m and T(h, h). Let {/jjigN be an arbitrary complete 
orthonormal system of D. By [15, Proposition 2.12] and the fact that the index of (K, S) 
is 1 (see [15, Section 4]), there exists a sequence of functions, {£ l }«eN; such that for all 
i, j G N, ^Jp^' j~y = CO 7 almost everywhere. Recall that u has a unique representation 

« = EigN°*( n )/i with EieN°i( u ) 2 < 00 ■ Then TH = EieN^MC G l2 (-^> r ( /l > ^)) is 
well defined. Indeed, for u, v G B, 

Wa ^ ^ rfL'(/,/i) 




dT(/i, /i) dT(/i, /i) 

as iV — >■ oo in L 2 (K, T(h, h)) and hence almost everywhere. Moreover, from this, we 
deduce that 7(14)7(7;) = d jW fe) a l mos t everywhere, which implies (4.9). 

The linearity property ai(cu + v) = coiiu) + Oj(w) implies linearity of 7 and hence also 
(4.10) by repeating the above argument. 

Since T(h, h) and m are mutually absolutely continuous, (4.9) (resp. (4.10)) with 
T(/i, h) replaced by m follows from the Radon-Nikodym theorem and (4.9) (resp. (4.10)). 
Indeed, for almost all x G X, 

dT(u, v) = ^ J x l B (x,r) dT(u, v) 
dm r^o j x 1 r) dm 
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= lim Jx 1 B(x,r)dT(u, v) _ J x l B(3!|r )dr(fe, /Q 

Jx !b(x, r) ^(/l, M fx 1 B(x, r) dm 

dT(u, v) dT(h, h) 
= dT{h,h) {x) dm {X} ' 

This finishes the proof of Lemma 4.4. □ 

Remark 4.1. The set of points x G K for which (4.10) holds is independent of c 6 R. 

The following Rademacher theorem is an improvement on [15, Theorem 5.4] and [19, 
Theorem 2.17 (ii)]. 

Proposition 4.3. Let h = h\ orh = hi- For every u G B, there exists a unique measurable 
function ^ such that for almost all x £ K and all y G K, 

(4.11) \u{y) - u{x) - ^(%) - Kx))\ = o(d(x, y)). 

Moreover, jp^' ^ = |^| 2 almost everywhere. 
Proof of Proposition 4-3. Set 

<iu _ dF(u, h) 
~dh = dT(h, h)' 

and 

R x (y) ee u(y) - u(x) - ^(%) - h{x)) 
for all y £ K whenever du }^ exists. Then R x {-) G O and (4.9) implies that 

1 J dTfa, fe) 1 j " dT(h, h) { } dF(h, h) {X) ~ \dT(h, h) {X) J " V dh 
Now it suffices to prove that for almost all x G K and all s G (0, 1), 

(4.13) sup \u(y) - u(x) - ^(%) - h(x))\ = o(s). 

y eB d (x,s) an 

Recall that for all x G K and s G (0, 1/10], B d (x, s) C U(x, 10s); see (4.6). Therefore, 
for each y G B d (x, s), there exist w, v G A(10s) such that x G if™, K w D K v ^ $ and 
y G K v , where w and u may be equal. Taking G K w DK V = F w (Vq) D F„(Vo) and using 
Rx{x) = 0, we obtain 

< |ik(y) - + l^(y*) - R x (x)\ 

< osc + osc R x = osc R x o F w + osc R x o F v . 

By Lemma 4.1, we have 

\R x (y)\ < y/?{Rx o ^ o F™)(K) + v / r(i?x o F„, o F V )(K) 
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£ ' (^"i';/.',. /.'.HA',,; • \ 



t(r x , r x ){k v ). 



Noticing that \v\ ~ \w | by Lemma 4.3 and U(x, 10s) C B d (x, 500s/\/2) by (4.6), for 
s G (0, 1/500], we have 



sup 

3/eB d (x,s) 



< 



3 \ H 



. , T^, R x )(B d (x, 500s/ v^)). 

On the other hand, for s G (0, 1), 

T(R X , R x )(B d (x, s)) T(u - d -^h, u - ^h)(B d (x, s)) 



T(h, h)(B d (x, s)) 



F(h, h)(B d (x, a)) 
r(n, u)(B d (x, s)) _ cfot(x) r(tt, h)(B d (x, s)) / riu(x) 
" h)(B d {x, a)) d/i r(/i, h)(B d (x, s)) \ d/i 



By this, (4.12), the definition of ^ and the Radon-Nikodym theorem, we conclude that 

r( J R :r , R x )(B d (x, s)) = dT(u, _ cfatfo) dT(u, fr)(x) / du(x)\ 2 = 

«™ T(/i, h){B d (x, a)) dT(h, h) dh dT(h, h) \ dh 

for almost all x G if. Therefore, 



(4.14) sup \R x (y)\=o 

yeB d (x,s) 



F(h, h)(B d (x, 500s/\/2)) 



Observe that, by the doubling property, definition of m and Lemma 4.1 (ii) and Lemma 
4.3, we have 

T(h, h)(B d (x, 500s/V2)) < m(B d (x, 500s/V2)) < m{B d {x, 10s)) < m{K w ). 
Thus by (4.4) and w G A(10s), we arrive at 



sup \R x (y)\=o 

y£B d (x,s) 



M 



m(K v 



o(\\T v 



o(s), 



as desired. 

To see the uniqueness, assume that a is a measurable function such that (4.13) holds 

iu(x 

~dh 



with —jr^- replaced by a(x), for almost all x G K. Then 



(4.15) 



sup 

y£B d (x,s) 



du(x) 



dh 



a{x) 



\h(y) - h(x)\ = o(s) 
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Take x = ir 1 (w) G K w such the above holds, and for s G (0, 1), and u> i • • • w ns G 
A(- v /i/25). Observe that (4.6) gives K wl ... Wng C f/(x, \/2s/25) C B d (x, s). Since 

sup \h(y) — h(x)\ > - osc h 

yeB d (x,s) 2B d (x,s) 

> \ osc /i > -^/ioF^...^, /ioF^...^), 

it suffices to show that <§ (h o F Wl ... Wn , h o F Wl ... Wn ) > s. Indeed, this would imply that 
*j£-a{x) = 0. 

By the martingale convergence theorem and the mutual absolute continuity of m and 
T(h, h), for almost all x G K, we have 

Um ^(feoi^!-^, hoF Wl ... Wn J = r(/toF Wl ... m „ a , /ioF Wl ... Wn J(K) 
rn(K Wl ... Wn J s^o m(K Wl ... Wna ) 

= Mm rjh .W< n ) _ jTXMQ 

s^o m(A u , 1 ... u , n J dm 
which together with (4.8) and u>i • • • ik„ s G A(a/2s/25) implies that 

S(hoF Wl ... Wns , hoF Wl ... Wns ) > m(K Wl ... Wns ) > m(K Wl ... Wns _ 1 ) > a. 
This finishes the proof of Proposition 4.3. □ 

Now, we are going to identify the intrinsic length structure with the "measurable Rie- 
mannian structure" of Kusuoka [27] in Theorem 4.2 below. 

Recall that Kusuoka further introduced the "measurable Riemannian metric" Z on K. 
Indeed, for w G W*, set Z m (w) = T W T*/\\T W \\ 2 . Kusuoka [27] proved that 

(4.16) Z(w) = lim Z m (wi ■ ■ ■ w n ) 

71-KX) 

exists for almost all w = W\W2 ■ ■ ■ G S, and moreover, rank Z(w) = 1 and Z is orthogonal 
projection onto its image for almost all w G S. Since ms(F») = 0, the pushforward 
mapping 7r*Z = Z o 7r _1 , which is still denote by Z by abuse of notation, is well defined 
on K. 

The above measurable Riemannian structure is identified with the gradient structure in 
the following sense; see [27, 22] and [24, Theorem 4.8]. Let ^(K) = {v o <f>\v G ^(R 2 )}. 
Then ^(K) is dense in (D, || • ||jj). Moreover, for every u G ^(K), define Vu = (Vu)o$, 
which is well defined since it is independent of the choice of v G ^(R 2 ) with « = »of; 
see [22, Section 4]. Here Vv(x) = (^rp, ^p) denotes the usual gradient for v G ^(R 2 ). 

Proposition 4.4. For every u G B, there exists a measurable vector field Y(u) G R 2 
such that Y{u) G ImZ, g^r(u, u) = |y(«)| 2 almost everywhere, and hence S"{u, u) = 
f K \Y(u)(x)\ 2 dm(x). Moreover, if u G ^(K), then Y(u) = ZVu. 

Applying Propositions 4.3 and 4.4, we have a formula for the projection Z via the 
harmonic embedding (or coordinate) 
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Lemma 4.5. The pushforward ir*Z to K of the projection Z on S as in (4.16) is given 
by 

/ 1 a 



7 T+o 1 

o 

a ar 
7 TT^TZ 



\ l+a 2 l+a- 

almost everywhere, where a = ^ = %(h 1 \ hi) • ^ e eigenvalues of ir*Z are Ai = and 
A2 = a 2 + l ; i/ie corresponding eigenvectors are £1 = (— , j^?) and £2 = (i+H 7 ' l+a^ ) • 
The projection space is ImZ = ( — , 1 ^ )R. 

Proof. By the Radon-Nikodym theorem and Proposition 4.3, we have 

2 _ dT(h 2 , hi) dT(h 2 , hi) _ dT(hi, hi) dT(h 2 , h 2 ) _ dT(h 2 , h 2 ) 
° ~ dF(hi, hi) dTQii, hi) ~ dT(hi, hi) dT(hi, hi) ~ dF(hi, hi) 

and 

dm _ dT(hi, hi) dF(h 2 , h 2 ) _ 2 



dT(hi, hi) dT(hi, hi) dT(hi, hi) 
Hence by Proposition 4.4 and the Radon-Nikodym theorem, 

_ dT(hi, hi) _ dTjhj, hj) dTjhi, hi) _ 1 dTjhj, hj) 
1 i_ dm ~ dT{h u hi) dm ~ I + a 2 dT(hi, hi) 1 

which implies that 

_ 1 _ _ a a 2 
Zei ■ ei = Zei ■ e 2 = Ze 2 ■ e\ = ^ and Ze 2 ■ e 2 



l + a 2 l + a 2 l + a 2 

The other conclusions follow from this by standard computations. This finishes the proof 
of Lemma 4.5. □ 

Now we improve Proposition 4.4 and [28, Theorem 2.17 (i)] as follows. Notice that 
Proposition 4.2 follows from Theorem 4.2. 

Theorem 4.2. For every u G ID, there exists a unique measurable vector field Vu such 
that for almost all x G K , and for all s G (0, 1), 

(4.17) sup \u{y) — u{x) — Vu{x) ■ {<&{y) — <&{x))\ = o{s). 

yeB d (x,s) 

Moreover, Vu = Y(u) G ImZ and ^T(u, u) = |l"(u)| 2 = |Vu| 2 almost everywhere; in 
particular, if u G ^(K), then Vu = Y{u) = ZVu almost everywhere. 

Proof. We first observe that, by Proposition 4.4, Vhi = ei, and mutual absolute continuity 
of T(/ii, hi) and m, we obtain 

\Z{x)ei\ 2 = \Z(x)Vhi(x)\ 2 = dT ^ hl \ x ) > 

dm 
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for almost all x G K. Similarly, we have that \Z{x)e2\ 2 > for almost all x G K. For such 
an x G K, let £ = (Ci, C2) = Ci e i + C2e2 with £1 = |Zei| and (2 = Ze\ ■ e 2 /\Zei\. Take 
V-u = J^CiC- Then for almost all x € K, obviously, Vm(i) G ImZ(x). Since |£(^)| 2 = 1 
and (Ci(x)) 2 = dT( 'dll hl ^ (x), applying Lemma 4.4 and (4.12), we further have 



\Vu(x) 



din 

du{x) 



dT(hi, hi 
dm 



dT(u, u) ^ dT{hi, fei) 



dT(/ii, hi) 



dm 



dT(u, u) 
dm 



(*). 



Whenever V«(x) exists, write 

u(y) - u(x) - Vn(x) • ($(y) - ®(x)) 



(d(x)) 2 Hy)-n(x) 



du(x) 
dhi 



(h 1 (y)-h 1 (x))} 



du(x) 



+ [(1 - (Ci(x)r)(u(y) - «(*)) - Ci(x)(2(x)-^(h 2 (y) - h 2 (x))} 



dh\ 



for all y £ K. Observe that Proposition 4.3 implies that sup yeBd ^ xs -j\R x 1 \y)\ = °( s )- 

Then (4.17) is reduced to proving sup yeB j x s \ \R X (y)\ = o(s). To this end, observe that 
by Proposition 4.4 and the Radon-Nikodym theorem, 



l-(Ci(x)) 2 = l- 



dT(h\, h\) 
dm 



(x) 



dT(h 2 , h 2 ) 
dm 



(x) 



and 



Ci(x)C 2 (x) = ZVh±{x) ■ Vh 2 (x) = ^±M ( X ) 



dT(hi, hi) dT(hi, h 2 ) 

[X)^7-, —(X) 



dm 



dT(h!, hi) 



for almost all x G K. Also by Proposition 4.3 and the Radon-Nikodym theorem, for almost 
all x G K, 



du dT(u, hi) 

dh~i {x) = dT(hi, hi) {x} 



dT(u, hi) 
dT(h 2 , h 2 ) 
dT(u, h 2 ) 
dT(h 2 , h 2 ) 
dT(u, h 2 ) 



(x) 
(x) 
(x) 



dT{h 2 , 


h 2 ) 


dT(h 2 , 


h 2 ) 


dT(hi, 


h 2 ) 


dF(h 2 , 


h 2 ) 


dT(hi, 


h 2 ) 


dT(hi, 


hi) 



dT(h 2 , h 2 ) 
dr{h u hi) 



x 



dT(hi, hi 



(x) 
(x) 



-(x) 



Therefore, 



Cl(x)C2(x) J^(x) 



du dh 2 
dh- 2 {x) dh-i {x) - 



dT(hi, hi± ^ dT(hi, h 2 ) ^ dT(hi, h 2 ) dTju, h 2 ) 

ri m/L u \ \ X ) JTVL U \ \ X ) JT/I. U \\ X ) 



dm 



dT(hi,hi) y 'dT(hi,hi) y 'dT{h 2 ,h 2 ) 
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_ dF(hi, hi) dT(h 2 , h 2 ) . dT(u, h 2 ) . . 

dm {X) dTfa, h 1 ) [X) dT{h 2 , h 2 y X) 
_ dT(h 2 , fah n c^C", ^2) , s 

dm dT(h 2 , h 2 ) 

-<i -«.(.»')£«. 



Thus 



4 2) (y) = (i - (Ci(*)) 2 My) - u(x) - ^(Mv) - h 2 {x))\. 

and hence by Proposition 4.3, sup^g^^ ^) |-Ri (y)| = o(s) as desired. 

The uniqueness of Vu follows from exactly the same argument that was used in the 
proof of Proposition 4.3. □ 

We also extend Theorems 4.1 and 4.2 to the case of an energy measure T(h, h), where 
h is a nontrivial Vo-harmonic function with &(h, h) = 1. Notice that T(h, h) and m are 
mutually absolutely continuous. Recall that (K, $, T(h, h)) is a strongly local Dirichlet 
form on L 2 (K, T(h, h)) with domain D = F. Denote by dh the associated intrinsic distance. 
Proposition 4.1 and Proposition 4.3 still hold for (K, £, T(h, h), dh) and a dual formula 
similar to (4.1) is still available. For the above see [22, 24, 19]. The following result 
identifies the length structure with the length of the gradient on (K, T(h, h), dh). 

Theorem 4.3. For every u G B, the energy measure T(u, u) is absolutely continuous 
with respect to the Kusuoka measure T(h, h) and the square of the length of the gradient 
satisfies ^ = ( Lip dh u) 2 almost everywhere. Moreover, for almost all x € K and all 
y€K, 

\u(y) - u{x) - ^^-(h(y) - h{x))\ = o{d h {x, y)). 

w h ere iu _ dTju, h) , |du| 2 _ dT(u,u) 
wat,t dh — dT(h,h) a ' LU \dh\ ~ dT(h,h)- 

We point out that Theorem 4.3 can be proved by repeating the above arguments as 
in Theorems 4.1 and 4.2, and all the properties needed in the arguments are available by 
[22, 24, 19]. We omit the details. 



5 Heat flow, gradient flow and -^F{u, u) = (Lipn) 2 

In this section, under the Ricci curvature bounds of Lott-Sturm-Villani, we will clarify 
the relations between the coincidence of the intrinsic length structure and the gradient 
structure and the identification of the heat flow of <§ and the gradient flow of entropy; see 
Theorem 5.1 and 5.2. We begin with the definition of Wasserstein distance. 

On a given metric space (X, d), denote by &(X) the collection of all Borel probability 
measures on X and endow it with weak *-topology, that is, jii — > fj, if and only if for 
all / G ^(X), J x f dni — > J x f dfx. For p G [1, 00), denote by £? P (X) the collection of 
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all measures \i G 2?{X) such that f x d p (xi, x)d^{x) < oo. Moreover, for every pair of 
fi, v G &(X), define the L p -Wasser stein distance as 

(5.1) W p (ji, v) = inf ( [ [d(x, y)]P dir^x, y) 

77 \JxxX 

where the infimum is taken over all couplings ir of fi and v. Recall that a coupling ir of fi 
and v is a probability measure ir G 2?{X x X) with the property that for all measurable 
sets A C X, ir(A x X) = ^(A) and ir(X x A) = v{A). There always exists (at least) one 
optimal coupling, and so the above infimum can be replaced by minimum; see for example 
[53, Proposition 2.1]. 

In the rest of this section, we always assume that X is compact, <§ is a regular, strongly 
local Dirichlet form on X and m is a probability measure, namely, m(X) = 1. Let d 
be the associated intrinsic distance as in (2.2) and assume that the topology induced by 
d coincides with the original topology on X. Then (X, d) is a compact length space by 
[45, 49], and hence, £P 2 (X) = £P(X) equipped with the distance W2 is a compact length 
space (hence a geodesic space); see [30]. Notice that the topology induced by W2 coincides 
with the above weak *-topology (see for example [53]). 

Let U : [0, 00) — > [0, 00) be a continuous convex function with U(0) = and define the 
associated functional : ZP 2 (X) -S-18U {+00} by setting 

= U dm + [/'(ooKingpf), 

where ^ s ing is the singular part of the Lebesgue decomposition of fi with respect to to, 
and [/'(oo) = limj._s.oo jU(r). If U'(co) = 00, then ^(/u) < 00 means that [i is absolutely 
continuous with respect to to, namely, ^ s ing = 0. If [/'(oo) < 00, this is not necessarily 
the case. 

Definition 5.1. Let U be a continuous convex function with U(0) = and A G Bl. Then 
is called weakly X- displacement convex if for all fio, fi\ G & 2 (X), there exists some 
Wasserstein geodesic {^t}t£[o, 1] along which 

(5.2) < tw{m) + (1 - t)W{no) - \\t{\ - t)w 2 {n>, mi) 2 - 

Remark 5.1. If for every pair of hi G ^ 2 {X) that are absolutely continuous with re- 
spect to to and have continuous densities, there exists some Wasserstein geodesic {fJ-t}t&[o, 1] 
along which (5.2) holds, then as shown in [30, Lemma 3.24], % is weakly A-displacement 
convex. 

A curve {fit}tei C &2{X) on an interval I C M is absolutely continuous if there exists 
a function / G L 1 ^) such that 




(5.3) 



W 2 (fit^s)< J f(r)dr 
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for all s, t £ I with t < s. Obviously, an absolutely continuous curve is continuous. For 
an absolutely continuous curve {nt}tei C ^2 (A), its metric derivative 

i . i r W 2 (jh, Ms) 
I A** | = lim- 



s^ft \t — S\ 

is well defined for almost all t €. I; see [1, Theorem 1.1.2]. Moreover, \ft t \ G L l {I), and it 
is the minimal function such that (5.3) holds. For /j, G ^2 (A), define the local slope of % 
at /j, as 

V-^ //) = limsup 1 7; ^± 

where a + = max{a, 0}. 

Now we recall the definition of a gradient flow of a weakly A-displacement convex 
functional & , via the energy dissipation identity. 

Definition 5.2. Let tyt : &2{X) RU {oo} be weakly A-displacement convex for some 
A G R. An absolutely continuous curve {/U<}ie[o, oo) C ^(A) is called a gradient flow of 
^ if ^(/x t ) < oo for all t > 0, and for all < t < s, 

(5.4) Wfa) = Wbi,) + IJ" \fi r \ 2 dr + ^J S |V-<2r|V) dr. 

Associated with the convex function Uoo : [0, oo) — > [0, oo) defined by Uoo(r) = 
rlogr for r > and U(0) = 0, we have the functional ^ : & 2 (X) ->• R U {+oo}, 
which is well-defined and lower semicontinuous on ^2(A); see, for example, [30, Theorem 
B.33]. Denote by &>%(X) the collection of fi G <^(A) such that ^oo(^) < oo. Since 
[/^(oo) = 00, /x G ^[(A) implies that /U is absolutely continuous with respect to m and 
Uoo{^) G L X (A). Recall that if is weakly A-displacement convex on ^(A) for some 
A G R, then (X, d, m) is said to have Ricci curvature bounded from below in the sense of 
Lott-Sturm-Villani [50, 51, 30]. 

Recently, under the compactness of A and weak A-displacement convexity of , Gigli 
[12] obtained the existence, uniqueness and stability of the gradient flow of Woo'-, for the 
basics of the theory of gradient flows see [1]. Under some further additional conditions, 
we are going to prove in Theorem 5.1 below that this gradient flow is actually given by 
the heat flow. Recall that the heat flow is the unique gradient flow of the Dirichlet energy 
functional & on the Hilbert space L 2 (A). Moreover, the heat flow can be represented 
by the strongly continuous group {Tt}t>o on L 2 (X) generated by the unique selfadjoint 
operator A, which is determined by 



- / uAvdm = S{u, v ) = / dT(u, 
Jx Jx 



for all u, v G D. Indeed, for every fx G ^(A), the heat flow {T t //} te r 0)OO ) is given by 
Tofi = n and when t > 0, T t (i is defined as the unique nonnegative Borel regular measure 
satisfying 

<f>dTt/j,= / <p(x)T t (x, y)dfjt(y)dm(x). 
x Jx Jx 
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Then by T t l = 1, we have T t p G £P(X), and hence {Tt/J.}te[o,oo) is a curve in ^PO- 
Notice that if // = /m, then T t /x = (T t f)m for all t > 0. 

Theorem 5.1. Assume that (X, d, m) is compact and satisfies a doubling property, and 
that (X, &, m) satisfies the Newtonian property. If is weak A- displacement convex 
for some A G R, then for every p G .^(X), £/te /leaf flow {TtfJ,}te[o, oo) ffwes £/te unique 
gradient flow of Woo with initial value fi. 

We follow the procedure of [13] to prove Theorem 5.1. Let {[J>t}te[o, oo) C & > i(X') be 
an absolutely continuous curve that satisfies Woo fa) < 00 for all t > 0. To prove that 
{/^tltep, oo) is a gradient flow of we observe that since Woo is weak A-displacement 
convex and lower semicontinuous, by [1, Corollary 2.4.10], for all s > t > 0, we have 

(5.5) \&oofa) " ^oofa)\ < J |V-^oo|(A*r)lAr| dr, 
which implies, by Young's inequality, that 

(5.6) W^fa) < &oofa) + \J \Vr\ 2 dr+^J^ |V-^oo| 2 fa) dr. 
So it suffices to check that for all s > t > 0, 

&oofa) + ^J fa\ 2 dr+^£ \V~Woo\ 2 fa) dr < Woo fa), 
which is further reduced to proving 

(5.7) X - fa\ 2 + ^-Wj^fa.) < --^Woofa) 
for almost all r > 0. 

Therefore, with the aid of [37, 38], Theorem 5.1 will follow from Lemma 5.1, Proposition 
5.2 and Proposition 5.3 below. 

Lemma 5.1. Assume that (X, d, m) is compact and satisfies a doubling property, and that 
(X, £ , m) supports a weak (1, 2)-Poincare inequality. If Woo is weakly A- displacement 
convex for some A G K, then there exists a constant Cq > 1 such that for fx = fm G 
0>$(X), 

(5.8) Iv-^ooiV) < 4C 6 / dr(77, v7). 

Jx 

Moreover, if (X, m) satisfies the Newtonian property, then C% = 1. 

Lemma 5.1 follows from the following result; see [53, Theorem 20.1]. 

Proposition 5.1. Let U be a continuous convex function on [0, oo). Let {pt}te[0, l] C 
<^2p0 &e an absolutely continuous geodesic with density {pt}te[o, i]> an d U(pt) G L 1 (X) 
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for all t G [0, 1]. Further assume that po G Lip(X) ; U(po), poU'(po) G ^(X) and U' is 
Lipschitz on po(X). Then 



lim inf 

<->o 



> 



XxX 



U"(po(xo))\V po\(x )d(x , xi)dir(x , xi), 



where ir is an optimal coupling of po an d Ml ■ 

In Proposition 5.1 and below, for a measurable function / on X, set 



| V f\(x) = lim sup ■ 



d(x, y) 



Obviously, |V~/|(x) < Lip /(a;) for all x G X. However, if (X, d, m) satisfies a doubling 
property and supports a weak (1, p)-Poincare inequality for somep G [1, oo), then | V _ /| = 
Lip / almost everywhere. See [29, Remark 2.27]. 

Proof of Lemma 5.1. We first assume that / G Lip(X) and / is bounded away from zero. 
By the definition of \V~'% 00 \(u), it suffices to consider u G &i{X) with ^^(i^) < < %f 00 (p). 
Since ^oo^) < oo, we have v G ^^(X). By the convexity of ^x,, there exists a curve 
{M<}te[o, l] C & 2 (X) such that po = p and pi = v, along which (5.2) holds. Moreover, 
by (5.2), we have ^{pt) < oo for all t G [0, 1], which further means that pt is absolutely 
continuous with respect to m. Denote the density by pt- 

Notice that Uoo and {pt}te[o, l] fulfill all the conditions required in Proposition 5.1. So 
by U"(s) = i optimality of it and the Holder inequality, we have 



lim inf 

t->o 



> 



> 



i XxX [Po(x )} 2 



L 



[po(xoW 



|V po\{x )d(x , xi)dir(x , xi) 

■ 1/2 

|V po\ 2 (x )dir(x , xi) 



d(x , xi) 2 dn(x , xi) 



XxX 



1/2 



-W 2 {po, Mi) | / r / s 12 |V p | 2 (^o)^o(^o' 



1/2 



= -W 2 (po, pi) 



V-f\ 2 dm 



1 1/2 



which together with |V /| 2 < | Lip/| 2 < C 2 T(f, f) almost everywhere implies that 



(5.9) 



lim sup 



<Ci 



1/2 



tW 2 (po, pi) 

On the other hand, by the weak displacement convexity of ^oo, we have 



^oo(Mo) ~ ^oo(M1 

W 2 (mo, Mi) 



< 



^oo(Mo) -^oo(Mt) 

£W" 2 (/io, mi) 



- t)W 2 (p , Mi), 
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which together with (5.9) yields that 

"^oo(Mo) - ^oc(Ml^ < r 1 



<Ci{J x j dT(f, /)} + ^|A|W 2 (/x 0) mi), 



W^Mo, Mi) 

and hence, letting mi — ^ Mo with respect to W2, 

|v-^oo|(/io)<Ci|^idr(/, /)} 7 = 2C 1 {^dr(V7, v7)} 7 • 

This is as desired. 

For / G Lip(X) with ^7 G B, letting f n = (/ V ^) A n, we have /„ G Lip(X) and 
— £ <^2p0- Moreover, since /„ > ^ by the above argument, we have 



ll/n 



iV-^ool ( N /" m ) <2C lTr ± {/ dT(y/U, vTn)) 1 ' 2 ■ 

\\\Jn\\L l {X) J \\jn\\L 1 {X) Ux J 

Moreover, recall that the lower semicontinuity of implies that of |V _ ^oo|; see [1, 
Corollary 2.4.11]. Since ^^\^mD, WfJmx) -> 1 and || /w fc," -> /m in &{X), 
we have 



|V-^oo|(/m) < hminf |V-^o| ( /" m ) <2d{ f dT(^J, y/f)\ 



1/2 



Generally, for m = /w- G we may assume v7 £ ® without loss of generality. By 

Theorem 2.2, we know that Lip(X) is dense in D. So there exists a sequence {<? n }neN C 
Lip(X) such that g n — > yff in D. Since / > almost everywhere, we still have |<7 n | — > 
in D. Notice that |g n | 2 G Lip(X) and ||gn||z, 2 (x) ~~ ^ 1- By the lower semicontinuity of 
again and the above result for Lipschitz functions, we have 



|V-^oo|(m) <liminf|V-^ 

n— >oo 



\g n \ 2 m 

l5n||i 2 (X) 



< 2Ciliminf^ { f dT(\g n \, \g n \ 

n ~>°° \\9n\\L*(X) Ux 
1/2 



1/2 



= 2Ci|^dT(v7, 77)} 

This finishes the proof of Lemma 5.1. □ 

Proposition 5.2. Assume that (X, d, m) is compact and satisfies a doubling property, 
and that (X, m) supports a weak (1, 2)-Poincare inequality. Let (i = fm G ^|(X). 
Then {TtM}te[o, 00) C i^|(X) ; {v^t/ltefo, 00) C D a locally uniform bound on (0, 00), 
and ^ooiTtfi) is locally Lipschitz on (0, 00) and for almost all t G (0, 00), 

(5.10) J t ®°° {Ttlj) = ~J X TJ dT{TtL TJ) - 



Geometry and Analysis of Dirichlet forms 



37 



Proof. Recall that, under the assumptions of Proposition 5.2, it was proved in [46] that 
for every t > 0, the kernel T t is locally Holder continuous in each variable and satisfies 

I d 2 (x,y) I d 2 (x,y) 

m(B(x, v *)) m(B(x, y/t)) 

So, for every t > ^, T t / is continuous, and moreover, < C(n)" 1 < T t (x, y) < C(n) 
implies that C(n)" 1 < Ttf(x) < C(n) for all x £ X. From this, it is easy to see that 
< ^(Ttfi) < C(n) log C(n) < oo for all t > l/n. For t > 1/n, by T 1/n f G B and the 
fact that £(T t f, T t f) is decreasing in t (both of these facts follow by functional calculus), 
we have 

/ ^- f dT{T t f,T t f)<C{n) I dT(T t f,T t f)<C(n) [ dT(T 1/n f, T 1/n f), 
Jx J^tj Jx Jx 

which together with the chain rule implies that \JT t f G B with locally uniform bound on 
(0, oo). 

Observe that the function Uoo(s) = slogs is smooth on the interval (^, n) for all n, 
and that T t f, as L 2 (X)-valued function in (0, oo), is locally Lipschitz on (0, oo). So 
^oo(T^) is locally Lipschitz in (0, oo). Therefore, by the chain rule for T and the fact 
that T(l, h) = for all h G B, we have 

^oo(T^) = J UUTtf)AT t f dm = J {\ogT t f + l)AT t f dm 

= - [ dT(logT t f + 1, T t f) = - [ dT(\ogT t f, T t f) 
Jx Jx 

= - [ ±-dT(T t f,T t f). 
Jx Hi 

This is as desired. □ 

The following result is essentially proved in [13, Proposition 3.7]. We point out that, 
comparing with the assumptions of Theorem 5.1, we can get rid of the Newtonian property 
here since in the proof, instead of -4-r(«, u) = (Lipn) 2 , it is enough to use -jr-T(u, u) < 
( Lip n) 2 (after writing the first version of this paper, we learned that this was also realized 
in [2, Lemma 6.1]). For completeness, we give its proof. 

Proposition 5.3. Assume that (X, d, m) is compact and satisfies a doubling property, and 
that (X, £, m) supports a weak (1, 2)-Poincare inequality. For every fi = fm G 3P^{X), 
{T t/ u} tg [ 0i oo) is an absolutely continuous curve in 2?2{X) and for almost all t G [0, oo), 

(5-12) \T t tf< [ J-dT(T t f,T t f). 

Jx Hi 

To prove this, we recall the following result about the Hamilton-Jacobi semigroup es- 
tablished in [29, 5]. For <j) £ Lip(^)> set Q f = f and for t > 0, define 



Qt<t>{x) = inf 

y£X 



<t>{y) + ^ d2 ( x ' y) 
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Proposition 5.4. Assume that (X, d, m) satisfies a doubling property and supports a 
weak (1, p)-Poincare inequality for some p G [1, oo). Then the following hold: 

(i) For all t, s > and all x G X, QtQs^ix) = Qt+s<P{ x )i 

(ii) For all t > 0, Q t <f> G Lip(X); 

(Hi) For all t G (0, oo) and almost all x G X, 



for some 4> G L l (X); see, for example, [53, Theorem 5.10] and [1, Section 6]. Moreover, 
by checking the proof (see, for example, [53, p. 66]), we know that \4>\ is bounded and for 
all x £ X, 



Since X is compact and hence bounded, we further have that <f>, Q\<\> G Lip(X); we omit 
the details. Observe that, by Proposition 5.4, Q r <p as an L 2 (X)-valued function of r is 
Lipschitz on [0, 1] and hence is differentiable almost everywhere. Similarly, Tt +rs f as 
an L 2 (X)-valued function of r is Lipschitz on [0, 1] and hence is differentiable almost 
everywhere. Therefore, (Q r 4>)T t+rs f as an L 1 (X)-valued function of r is Lipschitz in [0, 1] 
and hence is differentiable almost everywhere. Thus 



±Q t( p( x ) + ^\V- Q^| 2 (x) = 0. 



Proof of Proposition 5.3. Let t, s > 0. By the Kantorovich duality, 




(p(x) = sup[Qi</>(y) - -d 2 (x, y)]. 




Since 



— r(Q r 0, Q r (f)) < (UpQ r (/)) 2 = |V~ QA\ 2 
dm 

almost everywhere as given by Theorem 2.1 and [29, Remark 2.27], we have 




* Jo Jx Jo Jx 



Moreover, by the Cauchy-Schwarz inequality for Dirichlet forms, we have 




1 

< — 

~ 2s 



/ T t+rs fdT{Q r 4,Q r cf ) )+ S -f 

JX 1 JX J-t+rsJ 



dT (Tt+rsf-, Tt+rsf), 
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which implies that 

(5.13) W 2 {T tl i, Tt+sfj) <s 2 f [ — *— dT(T t+rs f, Tt+rsf) dr. 

JO Jx J-t+rsJ 

Since Ty n f G D, by an argument as in the proof of Proposition 5.2, we have for t > 1/n, 

W 2 2 (T t/ x, T t+S ^) < s 2 C(n) f 1 [ dT(T t+rs f, T t+rs f) dr 

Jo Jx 

< s 2 C(n) [ dT(T 1/n f, T 1/n f), 
Jx 

which implies that Tt/i is locally Lipschitz continuous and hence, {Ttfi}t>o is an absolutely 
continuous curve in ^(X). Moreover, (5.13) also implies that 

\f t y\ 2 < I ±-dT{T t f,T t f), 
Jx l tl 

which is as desired. □ 

For the proof of Theorem 5.1, we still need a very recent result of Rajala [37, 38]: A- 
displacement convexity of implies that (X, d, m) supports a weak (1, 1)- and hence 
a weak (1, 2)-Poincare inequality. This combined with Proposition 2.2 allows us to use 
Lemma 5.1 and Propositions 5.2 and 5.3 in the proof of Theorem 5.1. 

Proof of Theorem 5.1. For jjl = fm G ^(X), it was proved in Proposition 5.3 that 
{Tt^}t&[o,oo) is an absolutely continuous curve in <^|(X). To prove that {Tt[i} t &[o, oo) i s a 
gradient flow of since (5.6) follows from the displacement convexity of ^oo> it suffices 
to check the reverse inequality which is further reduced to (5.7). But (5.7) follows from 
(5.8) with C 3 = 1, and (5.10) and (5.12). □ 

Under the assumptions of Proposition 5.2, for every [i £ &2{X) and t > 0, T t /i is 
absolutely continuous with respect to m and its density is continuous and bounded away 
from zero. Indeed, for t > and every nonnegative <j> G ^(X), by n(X) = 1 and (5.11), 
we have 

f <f>dT t( i = [ [ 4(x)Tt(x,y)dn(y)dm(x) < C(t) [ <f>(x)dm(x), 
Jx Jx Jx Jx 

which implies the absolute continuity of Tf/x. Let ft = -r-Ttfj, for t > 0. Then ft G L 1 (X), 
and moreover, by the semigroup property, ft = T t / 2 /t/2> which together with (5.11) and 
the continuity of the kernel of T t i 2 implies that ft is continuous and bounded away from 
zero. Relying on the observations above and Theorem 5.1, we conclude the following 
result. 

Corollary 5.1. Let all the assumptions be as in Theorem 5.1. For every ji G &(X), the 
curve {Ttn}te(o, oo) C &*(X) is absolutely continuous on each [e, oo) for all e > 0, and 
^oo(T t fi) < oo for all t > and (5.4) holds for all s > t > 0. 
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Proof. Let fi G £?{X). For every n G N, by the argument before Corollary 5.1, we see that 
T^inU is absolutely continuous with respect to m and that the Radon-Nikodym derivative 
fi/ n = -£^Tii n fi belongs to L l (X), that is, T-yi n n = fi/ n m G <^|(X). Hence Proposition 
5.3 ensures that {Tt(f\/ n m)} te [ 0oo ) is an absolutely continuous curve in By The- 

orem 5.1, {Tt(/ 1 / n m)}t e [o i oo) gives the unique heat flow with initial value Ti/ n fi = fi/ n m, 
which means that for all s > t > 0, (5.4) holds with fj, r = (T r fi/ n )m when t < r < s. 
Observe that {T t ^} tg[ i i0o) = {T t (T 1/n /x)} te [o )0 o) = {Tt{fi/ n m)} te [ 0tOO ). We further obtain 

^oo{Tt[J,) < oo for all t > ^, {TtfJ,}te[i/ n , oo) is an absolutely continuous curve in &*(X), 
and for all \ < t < s, (5.4) holds with when t < r < s. By the arbitrariness 

of n, we finally have that {T t/ u} t >( 0j oo) is a locally absolutely continuous curve in £?*(X), 
Wao(T t n) < oo for all t > and for all < t < s, (5.4) holds with when 
t<r<s. □ 

Furthermore, for 1 < N < oo, associated to the convex function Un = Nr — Nr 1 ^ 1 ^ 
for r > 0, we have the functional %v : ^(AC) — > MU{+oo}, which is well defined; see for 
example [30]. Assume that %v is weakly A-displacement convex for some N G [1, oo) and 
A > 0. Then, as proved in [30, Theorem 5.31], (X, d, m) satisfies a doubling property. 

Corollary 5.2. Assume that (X, <f, m) satisfies the Newtonian property. If^N is weakly 
0- displacement convex for some N G (1, oo), and is weakly X- displacement convex for 
some A 6 1, then the heat flow gives the unique gradient flow o/^o. 

Remark 5.2. As pointed out by the referee, the weak 0-displacement convexity assump- 
tion on and the weak A-displacement convexity assumption on in Corollary 5.2 
can be replaced by a weaker condition, the curvature-dimension condition CD(X, N) (see 
[51, Definition 1.3]). Indeed, under the condition CD(X, N), by [51, Proposition 1.6], 
is weakly A-displacement convex. By the compactness of X and [51, Corollary 2.4], m 
satisfies the doubling property, and by [37], (X, d, m) supports a weak (1, l)-Poincare 
inequality. With these, the conclusion of Corollary 5.2 follows from Theorem 5.1. 

By the linearity and symmetry of heat flows, we also have the following property of the 
gradient flow of 

Corollary 5.3. Let all the assumptions be as in Theorem 5.1. For every v G ^^{X), let 
{fJ-t}t>o be the gradient flow of with fj,$ = v 
Then 

(i) for all i/ , v x G &1{X), t > and X G [0, 1], 

^_ AH+M=(1 _ AK0 + W; 

(ii) for all nonnegative /, <7 G ^(X) with WfW^tx) = IMIzApO = 1 an d t > 0, 

/ fdn 9 t m = / gdfi{ m . 
Jx Jx 
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Recall that, under a non-branching condition, additional semiconcavity and local angle 
conditions, the linearity property in Corollary 5.3 (i) was proved in [41]. For the definitions 
of K -semiconcavity and local angle condition introduced in [41], see Section 6 below. We 
do not know if these conditions hold under the assumptions of Theorem 5.1. Also recall 
that the linearity property fails on Finsler manifolds as pointed out in [34]. 

After we obtained Theorem 5.1, we learned about a related result established in [2, 
Theorem 9.3]. Indeed, instead of the Dirichlet energy form $ , Ambrosio, Gigli and Savare 
[2] considered the Cheeger energy functional Ch on L 2 (X), which is not necessarily Hilber- 
tian. They showed that, under the convexity of and very few assumptions on X, the 
gradient flow of Ch coincides with the gradient flow of the entropy %x>; see [2, Theorem 
9.3]. Their proof also relies on the procedure outlined in [13] but works at a high level of 
generality. 

Assume that X satisfies a doubling property and supports a weak (1, 2)-Poincare in- 
equality. Then, with the aid of Lemma 2.5, Ch can be written as 



while C\ = 1 if we further assume that (X, S, m) supports a Newtonian property. We 
point out that, under the assumptions of Theorem 5.1, the conclusion of Theorem 5.1 
follows from (5.14) with C\ = 1 and [2, Theorem 9.3]. 

Recall that in Theorem 5.1, we showed that the Newtonian property is a sufficient 
condition to identify the heat flow and the gradient flow of entropy. Combining Theorem 
2.2, Proposition 5.3 and [2, Theorem 9.3], we will show that the Newtonian property is 
also necessary in the following sense. 

Theorem 5.2. Assume that (X, d, m) is compact and satisfies a doubling property, and 
that is weakly X- displacement convex for some A G R. Then the following are equiva- 
lent: 

(i) For every fx G &\{X), the heat flow {TtfJ>}te[o, oo) gives the unique gradient flow of 
with initial value fi. 

(ii) (X, S ', m) satisfies the Newtonian property. 

(Hi) For all m£B, ^r(u, u) = (apLipu) 2 almost everywhere. 

Proof. We recall again that, by [37, 38], the A-displacement convexity of < &^ JO implies that 
(X, d, m) supports a weak (1, 2)-Poincare inequality. Then the equivalence of (ii) and 
(iii) follows from Theorem 2.2 and Lemma 2.4. If (ii) holds, then by Theorem 5.1, we 
have (i). Now assume that (i) holds. Let / G Lip(X) be a positive function and set 
li = fm 6 ^|(X). By Proposition 5.3, we have that for almost all t G [0, oo), 




Moreover, by Theorem 2.2 (ii) 



(5.14) 



<?(/, /) < Ch(/) < Ci<?(/, /), 



(5.15) 
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Moveover the assumption (i) says that {Tt/J,}te[o,oo) is t ne gradient flow of l^. By this, 
the convexity of and Theorem 9.3 and Theorem 8.5 of [2], we know that TtfJL coincides 
with the gradient flow of Ch and satisfies that for almost all t G (0, oo), 



\Tt^\ 2 = [ ^(apLipTt/) 2 dm. 
Jx J-tJ 



This and (5.15), with the aid of T(T t f, T t f) < (apLip T t f) 2 m given in (2.22), further gives 
r(T t /, T t f) = (apLipT t /) 2 m for almost all t G (0,oo). Therefore, 

<?(/, /) = km S{T t f, T t f) > liminf / ( apLip T t ff dm. 

Observing that 

/ (apLip/- a P LipT t /) 2 dm< / [apLip (/ - T t f)f dm < S (/ - T t f, f - T t f) -> 0, 
Jx Jx 

we obtain £(f, f) = f x ( apLip f) 2 dm. With the help of T(/, /) < (apLip/) 2 m given in 
(2.22) again, we have T(f, f) = (apLip/) 2 m as desired. Then a density argument yields 
(iii). □ 



6 Applications to (coarse) Ricci curvatures 

In tkis section, we apply Corollary 2.1 to a variant of tke dual formula of Kuwada [28] and 
tke coarse Ricci curvature of Ollivier in Tkeorem 6.1 and Corollary 6.1, and tken apply 
Tkeorem 5.1 to tke Ricci curvatures of Bakry-Emery and Lott-Sturm-Villani in Corollary 
6.2. We always let $ be a regular, strongly local Diricklet form on L 2 (X, m), assume tkat 
tke topology induced by tke intrinsic d coincides witk tke original topology on X and tkat 
(X, d, m) satisfies tke doubling property. 

We begin witk a variant of tke dual formula establisked in [28, Tkeorem 2.2], wkick 
is closely related to tke coarse Ricci curvature of Ollivier [33]. Let {P x } x ex C £P(X) 
be a family of probability measures on X, so that the map x — > P x from X to SPiX) is 
continuous. Then {P X } X £X defines a bounded linear operator P on ^(X) by Pf(x) = 
Ix fiv) dP x (y) and we denote its dual operator by P* : ^{X) — > @>{X). We also assume 
that P x is absolutely continuous with respect to m with density P x (y) for all x G X, and 
that P x (y) is a continuous function of x for almost all y G X. Observe that we do not 
assume that {P x } x< =x has any relation with the Dirichlet form S . 

By Corollary 2.1 and [28], we have the following result. 

Theorem 6.1. Assume that £ is a regular, strongly local Dirichlet form on L 2 (X), the 
topology induced by the intrinsic distance is equivalent to the original topology on the locally 
compact space X, and (X, d, m) satisfies the doubling property. Let K\ > be a positive 
constant. Then the following are equivalent: 

(i) For all n, v G &{X), W^P*^ P*u) < iWi(^, v). 

(ii) For all f G Lip(JT) n L°°(X), Pf G Lip(X) and ||P/|| LipW < K x \\f\\ Lip(x) . 
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(iii) For all f G Lip(X) n L°°(X), Pf G Lip(X) and 

II Lip Pf 1 1 loo ( X ) < KiH Lip /||loo( X ). 

(iv) For all f G Lip(X) n L°°(X), Pf G Lip(X) and 



dm 



L°°(X) 



^-m f) 

dm 



L°°(X) 



Proof. For K\ > 0, the equivalence between (i) and (ii) follows from [28, Theorem 2] (by 
taking d = K\d there). Notice that the proof of [28, Theorem 2] for the case p = 1 does 
not require any weak Poincare inequality. The equivalence of (ii), (iii) and (iv) follows 
from 



Ml Lip(X) 



d 



dm 



T(u, u) 



Lipu|| Loo(x) 

with u = f G L°°{X) and u = Pf G L°°(X), see Corollary 2.1. For ^ = 0, the 
equivalence of (i) through (iv) follows from the case K\+e with e > and an approximation 
argument. We omit the details. □ 

Associated to (X, d, P) with P as above, Ollivier [35] introduced the coarse Ricci 
curvature via 

Wl{P*S^ P*6y) 

k{x, y) = l r — y —. 

d(x, y) 

(X, d, P) is said to have the coarse Ricci curvature bounded from below by constant K if 
k(x, y) > K for all x, y G X. Obviously, K < 1. Applying Theorem 6.1, we have the 
following result. 

Corollary 6.1. Under the assumptions of Theorem 6.1, the following are equivalent: 

(i) (X, d, P) has the coarse Ricci curvature bounded from below by K < 1. 

(ii) For all n,ue @>{X), Wi(P*/i, P*v) < (1 - K)W!(p, v). 
(Hi) For all f G Lip(X) n L°°(X), Pf G Lip(X) and 



L°°(X) 



L°°(X) 



Proof. By Theorem 6.1, (i) follows from (ii) or (iii). Conversely, if (i) holds, then (ii) holds 
with ix = S x and v = S y , which together with [28, Lemma 3.3] further yields that (ii) holds 
with fi and v G &{X). □ 

On the other hand, combining [41, Theorem 1], [28], and Theorems 5.1 and 2.2 of our 
paper, and following the procedure of [13], we know that, under some additional conditions, 
a Ricci curvature bound from below in the sense of Lott-Sturm-Villani [30, 50, 51] implies 
that in the sense of Bakry-Emery [3, 4]. Recall that (X, S, m) is said to have Ricci 
curvature bounded from below by A G R in the sense of Bakry-Emery if for all / G B and 
t > 0, and for almost all x G X, 



(6.1) 



^-r(T t /, T t f){x) < e~ 2Xt T t ( -f-r(/, /) ) (x) 



dm 



dm 
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Indeed, Savare [41] obtained the contraction property of the gradient flow of the en- 
tropy with the aid of the semiconcavity and local angle conditions. Recall that X is 
K-semiconcave if K > 1 and for every geodesic 7 and y G X, 

d\i{t), y)>(l- t)d 2 ( 7 (0), y) + td\ 7 (l), y) - Kt(l - t)d 2 ( 7 (0), 7 (1)). 

Moreover, X satisfies the local angle condition if for every triplet of geodesies 7 j, i = 1, 2, 3, 
emanating from the same initial point xq, the corresponding angles Z( 7 j, 7 j) G [0, ir] 
satisfy 

All, 12) + ^( 7 2, 7 3) + ^( 7 3, 7 i) < 2vr, 

where 

Z( 7l , 7 ,) ^ hminf ^ ^)) + lj(t)) ~ dH^(s), 7j -( 8 )) 

Kuwada established a dual relation between contraction of the gradient flow in Wassertein 
distance and its pointwise Lipchitz constant estimate (see [28]). Under our assumptions, 
Theorem 2.2 identifies the pointwise Lipschitz constant with length of the gradient, while 
Theorem 5.1 identifies the heat flow and gradient flow. 

Corollary 6.2. Under the assumptions of Theorem 5.1, and further assuming that (X, d) 
is compact, (X, d, m) is K-semiconcave for some K > 1 and satisfies a local angle condi- 
tion, if is weakly X- displacement convex for some A G R, then the following hold: 

(1) For all fi, v G 0>{X), W 2 (T t u., T t u) < e~ xt W 2 (ji, v), 

(ii) For all f G B and t > 0, T t f G Lip(X) and for all x G X, 

(6.2) [UpT t f(x)} 2 < e- 2Xt T t (npUpf) 2 (x). 

(Hi) For all f G D and t > 0, (6.1) holds for almost all x G X. 

Proof. To see (i), since the heat flow coincides with gradient flow of as given in 
5.1, it suffices to prove that for the gradient flows {/J-t}t>o and {vt}t>o, W2 (/■**; v t) ^ 
e ~ A *H/ 2 ( / [x 0) uq). But this was already proved by Savare [41] and hence we have (i). 
Obviously, applying (ii) and Theorem 2.2 (iii), we have (iii). 

Moreover, (ii) follows from (i), [28, Theorem 2] and an approximation argument. Indeed, 
for / G Lip(X), by [28, Theorem 2], (6.2) follows from (i). Generally, let / G D. By 
Theorem 2.2 (i), Lip(X) is dense in ID. Thus, there exists a sequence /« G Lip(X) such 
that fi — > f in D as i — > 00. For each x G X, 



\T t f(x) - T t fi{x)\ < / T t (x, y)\f(y) - fi(y)\ dy 
Jx 

< \\T t (x, -nvmWf - Mum <c(t)\\f-fi\\ L Hx), 

where C(t) = sup^g^ ||T t (x, -)IIl 2 (x) < 00 ■ Thus for each pair of x, y G X, 
\T t f(x) - T t f(y)\ < 2C{t)\\f - frW^ + \T t fi(x) - T t f t (y)\. 
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Notice that for every rectifiable curve 7, 

iTtfiW-Ttfiiy)] < f UpT t f i( ls < e~ xt f [TtiUpfi) 2 } 1 / 2 ds 

and by Theorem 2.2 (iii), 

[T t (Lip/,) 2 ]V2 < [^(Lip/,- apLip/) 2 ] 1/2 + [Ti(apLip/) 2 ] 1/2 

< [T t (apLip(/, - f)) 2 ] 1 ' 2 + [T t (apLip/) 2 ]V2 

< C(t)\\ apLip (/ - fi)\\ L 2 {x} + [THapLip jf] 1 ^ 
^Cmf-frU + lTti^Upf) 2 ] 1 / 2 , 

where C(t) = sup x yeX T t (x, y) < oo. Then 

\T t f(x)-T t f(y)\ < [2C(t) + C , (t) e - A '£(7)]||/-/ J |b + e- A * / [T t ( apLip f) 2 } 1 ' 2 ds 
and hence 

\T t f(x)-T t f(y)\ < e- xt [ [T t ( apLip f) 2 ] 1 ' 2 ds < C(*)*( 7 )||/|k 



Choosing 7 to be a geodesic joining x and y, we see that T t f G Lip(X). Moreover, 
by the continuity of the heat kernel and hence of e~ xt [Tt( apLip Z) 2 ] 1 ^ 2 , we have that 
UpT t f(x) < e- A '[Ti(a P Lip/) 2 (x)] 1 / 2 for all i£l. □ 

Remark 6.1. Notice that, by [41, 33], compact Aleksandrov spaces with curvature bounded 
from below satisfy the assumptions of Corollary 6.2 (in particular, the i^-semiconcavity 
and the local angle condition) and thus they have Ricci curvature bounded from below in 
the sense of Bakry-Emery. This conclusion can also be found in [13]. 



7 Asymptotics of the gradient of the heat kernel 

We are going to give a characterization for the condition that T(d x , d x ) = m for all x G X 
via the short time asymptotics of the gradient of the heat semigroup; see Theorem 7.1 
below. 

Assume that X is compact and (A, <§ , m) has a spectral gap, that is, there exists a 
positive constant C spec such that for all u G B, 

/ \u — + udm\ 2 dm < C spcc <o(u, u). 

J X J X 

Obviously, if (A, <f, m) satisfies a weak Poincare inequality in the sense of Section 2, 
then it has a spectral gap. Then the Varahdan asymptotic behavior of heat kernels was 
established in [39]: for all x, y G A, 



(7.1) 



lim-4tlogT t (x, y) = d 2 (x, y); 
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see [32] for Lipschitz manifolds and [16] for general local and conservative Dirichlet forms. 

On the other hand, on a Riemannian manifold, Malliavin and Stroock [31] (see also 
[44]) proved that 



for all y G M and all x G M outside the cut locus of y, where V denotes the gradient on 
a Riemannian manifold. On M. n , the Gaussian kernel h t (x) = c n t n ^ 2 exp(— J^L) satisfies 
|V|x| 2 | = 4t\Vlogh t {x)\ for all t G (0, oo). 

We show that a weak variant of (7.2) will reflect a connection between the length 
structure and gradient structure of Dirichlet forms. 

Theorem 7.1. Let £ be a regular, strongly local Dirichlet form on L 2 (X, m). Assume 
that X is compact, the topology induced by d coincides with the original topology, and that 
(X, $ , m) has a spectral gap. Then the following are equivalent: 

(i) For all x G X, F(d x , d x ) = m. 

(ii) For every Borel measurable set A with positive measure and each ip G B D ^(X), 



Notice that (7.3) is a weak variant of (7.2) while (7.1) has a weak variant as established 
in [39, Theorem 3.10]. 

Proposition 7.1. Under the assumptions of Theorem 7.1, for every Borel measurable set 
A with positive measure and each ip G D n ^q(X), 



Proof of Theorem 7.1. We first prove that (ii) implies (i). Let A be a Borel measurable 
set in X, ut = — tlogTil^ for all t > 0, and uq = d\/A. Then Uf, no G B>i oc . From 
T(d x , d x ) < m, it follows that T(uq, uq) < uq m. It suffices to prove the converse inequality. 

Notice that the strong locality of £ implies that V satisfies the Lebniz rule, namely, for 
F G C^M), every <j) G B D L°°(X) and ip G B n Sf (X), we have 



(7.2) 



hm-4t[VlogT t (-, y)](x) = [Vd 2 (; y)](x), 



(7.3) 




(7.4) 





and if F G C 2 



(R) 




Then for every ip G B n %(X), by 
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we have 



t j ^<pdfj,-t f Au t (pdfj,= j u t (pdfi- f (pdr(u t ,u t ), 

J X J X </ X J X 



from which it follows that 



1 f -Tr ( pd(i + t£'(ut, <p) = f u t ipdfi- f ipdY{u t ,u t ) 
Jx dt Jx Jx 



and that 



(7.5) 



ipdT(u s , u s ) ds 



o Jx 



t Jo Jx 



u s (pd[ids — - f f s^j^-tpdfids — - J s^(u s ,(p)ds. 



ix t Jo Jx 

Let <p G D n ^o(X) such that tp = 1 on the support of ip. Notice that 



\<?{u s , <p)\ 



I (pdT(u s , ip) < g(ip, ip) / (ip) 2 dT(u s , u s ). 
Jx Jx 

Then, by (7.3), we know that £(u s , 4>) is uniformly bounded with respect to s. Hence 

1 A* 

(7.6) - / s£(u a , <p)ds^0 

t Jo 

as t ->■ 0. 

By (7.4), for every ip € D D %(X), 

UQipd/j, = lim / Ugipd/j,. 



/ UQip d/j, = lim / 
Jx Jx 



Hence 



and 



— f [ Ugipdfids^- j uo(fdu 
t Jo Jx Jx 



— I f s—j^-ip du = lim - I u s ipdfx 
t Jo Jx 



ds 



e->0 t J x 



t i ft r 

/ / u s (pdfids — > 

s=e t Jo Jx 



as t — > 0. From these two facts, (7.5) and (7.6), it follows that 

— f f f dT(u s , u s ) ds — > / uofdfi 
t Jo Jx Jx 



as t — > 0, which together with (7.3) implies 

(7.7) / pdT(u , 

Jx 



uo) 



uo<£> dfi. 
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This gives r(no, no) = no u. Moreover, if A is compact, then for all ip G ^o(X) with 
supp tp C 

[ ipdT(d A , d A ) =4 / y?eT(^/no~, y^o") = / (p—dF(u , n ) = [ tpdfj,, 
Jx Jx Jx u o Jx 

which means that T(d A , d A ) = n. Since d -^— ^ — > d xo in Di oc as r — > 0, we have (i). 

Now we turn to prove that (i) implies (ii). It suffices to prove that <^(uq, uq) > 
||«o||li(x)- Indeed, from this and r(uo, no) < no^n-, it follows that no — ^T(no, no) = 
almost everywhere, which further implies that -£^T(d A , d A ) = 1 almost everywhere on A , 
and hence gives (i). We first observe that, by our assumption (ii), 

1 /•* 

(7.8) <^(no, no) = lim $(u s , u s ) = lim - / £"{u s , u s ) dt. 

s— S-0 t— >0 t Jq 

But, taking ip = 1, (7.5) yields that 

If*. , , 1 f* „ , 1 f* d .. 

- &{u s ,u s )dt = - \\u s \\ L i(x)ds - - s—\\u s \\ L i(x) as 

If* 1 s=t 1 f* 

= 7/ IKIIli(x) ds - -(s\\u s \\ L i( X )) +7/ II«s||li(x) ds 

l Jq I S^O I Jq 

1 I* 

= 2- ||n s || L i( X ) - ||n t || L i(x)- 

Then, by (7.4) as given in Proposition 7.1, taking (p = 1, we have ||«t||x,i(x) — ^ ll n o||ii(x) 
as i tends to 0, which yields that 



1 f* 

Jim - / <^(n s , n s )dt = ||n || L i(x)- 



Combining this with (7.8), we have S(uq, uq) > ||no||_Lim as desired. □ 

Remark 7.1. There exist a large variety of (X, S ', m) satisfying T(d x , d x ) = m for all 
x £ X, including compact Riemannian manifolds, compact Alexandrov spaces, and the 
Sierpinski gasket considered in Section 3. Theorem 7.1 (ii) then gives the short time 
asymptotics of the gradient of the heat kernel for them. 
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